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Summary 
Transient Stability Constrained-Optimal Power Flow (TSC-OPF) is a 
useful tool to calculate the optimal operating point of a power system, while 
ensuring its stability after severe disturbances. The aim of this thesis is to 
advance in the development of an effective tool for economic and dynamic 
power system security assessment. Starting from the TSC-OPF models 
presented in the literature, the goal is to improve the representation of the 
dynamics of the  systems in practical situations, implementing similar models to 
those used in dynamic simulations as usually performed by power system 
operators. 
In order to achieve these objective, a synchronous generator dynamic 
transient dq axes model is implemented, with an excitation system and a turbine 
governor. The dynamic trajectories of all generators are retained in the 
optimization process. In addition, a model of High Voltage Direct Current 
(HVDC) link is implemented, modelling the dynamic response of the device to 
disturbances in the AC network. Conventional solvers are used to obtain the 
solution of the TSC-OPF. 
The models of TSC-OPF include equations for conventional power flow, 
operation technical constraints, technical limitations of the power system 
equipment and a set of differential equations describing the system model for 
transient stability analysis. For discretizing these differential equations, the 
trapezoidal rule is used. 
Several studies are performed: optimal economic dispatch ensuring the 
transient stability of the system; maximum loadability of the system; 
optimization of the dynamic response of the HVDC link; and economic effect of 
fault clearing time on the generation cost. 
The application of the proposed TSC-OPF to various cases of study shows 
the effectiveness of the formulation and the feasibility of its application to real 
problems. 
 

 
 
 
 
Resumen 
Esta tesis aborda el problema del Flujo de Potencia Óptimo con 
Restricciones de Estabilidad Transitoria (TSC-OPF, en inglés), una herramienta 
útil para determinar el punto de operación óptimo de un sistema de potencia a la 
vez que se garantiza su estabilidad frente a grandes perturbaciones. El propósito 
de esta tesis es colaborar en la obtención de una herramienta útil para la 
evaluación económica y de seguridad dinámica del sistema de potencia. A partir 
de los modelos de TSC-OPF existentes en la literatura, el objetivo propuesto es 
mejorar la representación de la dinámica de los sistemas, implementando 
modelos similares a los utilizados en las simulaciones dinámicas realizadas 
habitualmente por los operadores del sistema de potencia. 
Para conseguir estos objetivos se ha implementado un modelo dinámico 
transitorio de generador síncrono en ejes dq, en el que se incluye un sistema de 
excitación y un control de velocidad de la turbina, reteniendo las trayectorias 
dinámicas de todos los generadores durante el proceso de optimización. 
Además, se ha implementado un modelo de enlace de alta tensión en corriente 
continua, representando el comportamiento dinámico de dicho dispositivo frente 
a perturbaciones en la red de corriente alterna. Se han utilizado programas 
convencionales para calcular la solución del TSC-OPF. 
Los modelos propuestos de TSC-OPF incluyen las ecuaciones del flujo de 
potencia convencional, las restricciones técnicas de operación, las limitaciones 
técnicas de los equipos de un sistema de potencia y el conjunto de ecuaciones 
diferenciales que describen el modelo del sistema para análisis de estabilidad 
transitoria, discretizadas por medio de la regla trapezoidal. 
Varios estudios son realizados: despacho económico óptimo que asegure 
la estabilidad transitoria del sistema; cálculo de la máxima carga del sistema; 
optimización de la respuesta dinámica del enlace en continua; y efecto 
económico, sobre el despacho de generación, del tiempo de actuación de las 
protecciones. 
 
 
 
 
La aplicación de los modelos propuestos de TSC-OPF a diversos casos de 
estudio muestran la eficacia de la formulación y la viabilidad de usar este tipo 
de algoritmos en problemas reales. 
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Chapter 1. 
Introduction 
In this chapter, the objectives that motivate the study and development of 
this work are presented. Also, the organizational structure of the thesis is 
introduced. 
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1.1 Motivation 
Currently, electricity markets determine solutions for the dispatch of 
generators based on economic dispatch models that, generally, do not explicitly 
consider transient stability constraints. However, the system operator must 
ensure its safety during operation in real time, so it should study the feasibility 
of the operation also considering dynamic criteria. The increasing competition 
between producers in electric systems leads to operate near the operational 
limits of the equipment. In this scenario, dynamic analyses have become 
essential for secure operation of the system. 
Possible stability problems may involve modifications in the market 
solutions, changing the power delivered by the generator, adjusting power flow 
control devices, and acting on the load consumption by shedding it. Today, 
dynamic studies are performed in all electric systems before authorizing the real 
operation. At least, heuristic trial-and-error methods, based on engineering 
experience, are used to guarantee the stability of the operation [1], [2]. 
Generally, it is expected that the security analysis modifies as little as possible 
the solution of the original economic dispatch. To ensure that the security 
settings minimally impact on the solution provided by the market, it would be 
desirable to model jointly the system behaviour and the security constraints, 
solving these problems in only one step. 
Until recently, the dynamic of a power system could not be incorporated 
into a mathematical optimal power flow (OPF) formulation using a transient 
stability model, mainly due to the capacity of computers and mathematical 
solvers. However, the advance in computing resources and the consolidation of 
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optimisation methods for the solution of large-scale nonlinear problems, today 
allow the representation of the system dynamics in optimisation models [3]. The 
aforementioned advances and the necessity of obtaining transparent markets are 
the basis for the Transient Stability Constrained-Optimal Power Flow (TSC-
OPF) methods, which are optimization problems that simultaneously include 
both static and dynamic constraints in the same formulation. TSC-OPF has 
received growing interest in the last decade as a tool for preventing transient 
instability at a low cost, thanks to the combination of economic objectives, 
steady-state equations and dynamic simulations into a unique model [4]-[6]. 
In the present work, two of the most applied approaches on electricity 
markets and stability analysis are combined. Firstly, a complete OPF 
formulation is used to calculate the economic dispatch of generators, including 
voltage, current and power flow constraints. The optimal operating point is 
calculated depending on the economic parameters of the generation. Secondly, 
the transient stability is studied using traditional methods, such as time-domain 
simulations. The dynamic equations are discretized using the trapezoidal 
method, and the resulting security constraints are explicitly included into the full 
OPF formulation as equality and inequality constraints. Moreover, the 
applicability of the proposed methods is a main concern, leading to the use of 
realistic systems, well-established models of generators and off-the-shelf 
programming solvers in the progress of the work. 
1.2 Purpose and objectives 
The purpose of this thesis is to obtain a useful tool for economic-dynamic 
security assessment. Starting from the existing TSC-OPF models in the 
literature, the aim is to improve the representation of the dynamics of the 
systems, implementing models close to those used in dynamic simulations 
routinely performed by transmission system operators. 
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To accomplish the work, the following specific objectives are defined: 
 Perform an actualized review of the state-of-the-art related to the 
TSC-OPF problem. 
 Develop an innovative algorithm to calculate the optimal operation of 
a system, explicitly taking into account transient stability constraints 
and using the classic dynamic model of synchronous generator. 
 Improve the nowadays conventional TSC-OPF formulations, 
implementing more advanced models of the main elements of the 
power system. In particular: 
 Include transient dq-axes dynamic model of the synchronous 
generator into the TSC-OPF. This model makes it possible to 
represent the electromagnetic transients in the rotor, and 
represents a major improvement in dynamic model accuracy. 
 Include a turbine governor and an excitation system in the model. 
 Model a HVDC link, and study its effect on the TSC-OPF. 
 Include multiple contingencies in the analysis. 
 Apply the previous models to different realistic cases, studying the 
problems of: 
 Optimal economic dispatch, ensuring the transient stability of the 
system. 
 Maximum loadability of the system, simultaneously considering 
both steady-state and stability constraints. 
 Economical effect on the dispatch of the fault clearing time. 
1.3 Thesis structure 
In Chapter 2, a brief introduction to the phenomenon of transient stability 
and optimal power flow is presented. A review of the state-of-the-art of the most 
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important researches carried out in relation to the TSC-OPF problem is included 
in this chapter. 
Chapters 3, 4, 5 and 6 have been written as independent articles with its 
own abstract, introduction, notation and bibliography, and can be independently 
read. Each one corresponds to results obtained sequentially in the development 
of this thesis, and these have been published or submitted to journals indexed. 
Chapters 5 and 6 are still in revision process by the journals. 
In Chapter 3, an algorithm to calculate the optimal operation of a system 
with different load levels and fault clearing times is proposed. The algorithm 
simultaneously considers both economic and stability constraints. The proposed 
formulation is evaluated on the Majorca and Minorca islands power system, a 
small, isolated system with low inertia. A conventional optimisation tool is used 
to solve the proposed optimisation problem. Results of this chapter were 
published in [7]. 
Chapter 4 presents an optimization model to calculate the maximum 
loadability of a system, when subjected to severe faults. The model 
simultaneously considers steady-state and dynamic constraints, with the 
dynamics of the generators explicitly included in the optimization formulation. 
The armature current and the field current heating limits of the synchronous 
generators are also included. Results of this chapter were published in [8]. 
Chapter 5 presents improved models from those used in the algorithm of 
the previous two chapters. The classic model of the synchronous generators is 
replaced by the transient dq-axes model, which makes it possible to represent 
the transient electromagnetic rotor machine. Furthermore, it is proposed a 
dynamic model of the HVDC-LCC link, seen from the inverter AC bus, to 
analyze the effects of the dynamic response of this device on the transient 
stability of the system. 
Chapter 6 proposes a new TSC-OPF model that includes a transient 
synchronous generator dq-axes model. This improvement makes it possible to 
represent the electromagnetic transients in the rotor. The proposed optimization 
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model includes also an excitation system and a turbine governor, and can 
perform multi contingency analysis. The model is solved using a non-heuristic 
Interior Point algorithm on GAMS. 
Finally, the main conclusions, contributions and publications are found in 
Chapter 7. 
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Chapter 2. 
Literature review 
This section contains a review of the literature and the state-of-the-art of 
some topics related to the Thesis. The evolution of the problem of TSC-OPF is 
specially considered, with emphasis on the techniques used for representing the 
transient restrictions, the methods used to solve the problem, and the 
mathematical and computational advances implemented to achieve a more 
efficient resolution. 
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2.1 Stability of power systems 
The stability of power systems was recognized as a problem since 
(approximately) 1920, when the structure of the systems consisted of generating 
plants located at relatively large distances from the load centres. These early 
stability problems, often as a result of insufficient synchronizing torque, gave 
rise to the first cases of transient instability [1]. 
The stability is a property of an electrical system, which depends on the 
operating point and on the disturbance to which it is subjected. The same 
electric network, subject to the same disturbance, can be stable at an operational 
point and unstable at another. Similarly, a network in an operating point can be 
stable after a perturbation and unstable after another. That is why stability 
studies often require the analysis of a large number of cases, to simulate a set of 
disturbances of interest at different points of the system and in different states of 
operation [2], [3]. 
Despite the different categories of stability that have emerged in power 
systems, transient stability remains a basic and important issue in the design and 
operation of the grid. While the operation of many power systems is limited by 
phenomena such as voltage stability or small-signal angular stability, most of 
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the systems are prone to transient instability in certain conditions or 
contingencies and, therefore, the understanding and analysis of the transient 
stability of a system is significant [4]. 
At first, it is necessary to define the stability for a power system: 
“Power system stability is the ability of an electric power system, for a 
given initial operating condition, to regain a state of operating 
equilibrium after being subjected to a physical disturbance, with most 
system variables bounded so that practically the entire system remains 
intact.” [1]. 
A modern power system is a system whose dynamic behaviour is 
influenced by a wide range of devices with different characteristics and 
responses. The system operation experiences a constant imbalance, depending 
on the network topology, the status of the system and the type of disturbance to 
which it is (or it can be) subjected, leading to different forms of instability. 
Essentially, the stability of the power system is a unique problem. 
However, the different forms of instability that the system may suffer cannot be 
correctly understood and effectively treated if they are considered jointly, due to 
the high dimension and complexity of the problem. This results on the need for a 
classification of stability problems, which helps to a) create simplifying 
hypothesis; b) analyze the specific types of problems using an appropriate level 
of detail in the representation of the systems; and c) use adequate analytical 
techniques to each one of the stability problems [2]. 
This classification has been generally established based on the following 
considerations [1], [2]: 
 “The physical nature of the resulting mode of instability, as 
indicated by the main system variable in which instability can be 
observed.” 
 “The size of the disturbance considered, which influences the 
method of calculation and the prediction of stability.” 
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 “The devices, processes, and the time span that must be taken into 
consideration in order to assess stability.” 
Fig. 2.1 presents an overview of stability problems in power systems, with 
identification of categories and subcategories [1]. 
To simplify the calculations, in all transient stability studies the following 
assumptions are usually used: 
1. Only currents and voltages at the grid frequency in the stator 
windings and in the power system are considered. Therefore, DC 
components, electromagnetic transients and harmonics are not 
considered. 
2. Symmetrical components, to represent unbalanced faults, are used 
when necessary. 
3. It is assumed that the voltage in generators is not affected by any 
variation in the speed of the machine. 
These assumptions make it possible the use of phasorial algebra and 
power flow techniques to calculate the electrical variables at the transmission 
network, using parameters calculated at the grid frequency [5]. 
 
Fig. 2.1. Classification of power system stability problems [1]. 
The rotor angle stability, related to transient stability, is briefly considered 
below. 
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2.1.1 Rotor angle stability 
Rotor angular stability refers to the ability of synchronous machines of an 
interconnected power system, to remain in synchronism after being subjected to 
a disturbance. This type of stability depends on the ability to maintain or restore 
the balance between electromagnetic and mechanical torques at each 
synchronous machine. The instability is often manifested as increasing angular 
oscillations of one or more than one generators, leading to the loss of 
synchronism with the other system generators. 
The problem of angular stability of the rotor involves the study of the 
electromechanical oscillations. The most important factor of this problem is how 
the electrical power output of the synchronous machines varies with the angle of 
their rotor. In steady state conditions, there is equilibrium between the input 
mechanical torque and the output electromagnetic torque, and the speed remains 
constant. When a disturbance is applied to the system, this balance is disrupted, 
causing the deceleration or acceleration of the rotors of the machines. If a 
generator temporarily rotates slower than the other, the angular position of its 
rotor will be delayed with respect to the faster machine, and the resulting 
angular difference will transfer part of the load from the slow to faster machine. 
This effect depends on the power-angle relationship, and tends to reduce the 
speed difference and, thus, the angular separation [1], [2]. 
After a disturbance, the change in the electromagnetic torque of a 
synchronous machine can be decomposed into: 
 A synchronizing torque component, in phase with the angular deviation 
of the rotor. 
 A damping torque component, in phase with the speed deviation. 
The stability of the system depends on the existence of the two torque 
components in each one of the synchronous machines. An insufficient 
synchronizing torque results in aperiodic instability, while the lack of damping 
torque results in oscillatory instability [2]. 
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2.1.2 Transient stability 
Transient stability is the ability of a power system to maintain 
synchronism when it is subjected to a severe disturbance, such as a fault in the 
transmission system, loss of generation or loss of a significant amount of load. 
In these circumstances, the power system can respond with large excursions of 
the rotor angle of the generators. These large excursions, together with the high 
nonlinearity of the relation between electromagnetic torque and rotor angle, 
makes it not possible the linearization of the system equations [1], [2]. 
Transient stability depends on both the initial state of system operation 
and the severity of the disturbance. Instability is usually visible in the first 
oscillation, associated with a local mode. However, in large power systems, 
instability could be the result of the superposition of slow inter-area oscillation 
modes and local modes, which can cause a large excursion of the rotor angles 
after the first oscillation [1]. 
Normally, transient stability analysis is performed using one of the 
following techniques, being the first one the technique used in the present work: 
 Time-domain simulation: is the resolution of the differential-algebraic 
equations (DAE) that represent the dynamics of the system using 
numerical methods. 
 Direct Methods: such as those based on Lyapunov functions or the 
equal area criterion. 
 Hybrid methods: the problem is solved by including the calculation of 
Lyapunov functions in time-domain simulations. 
Time-domain simulations make it possible to observe the evolution of the 
system variables over time. A common practice to detect loss of synchronism is 
to check if the rotor angle deviation, or angular speed deviation, between 
machines remains within a specific range during the simulation. This range is 
usually established using heuristics and may depend on the system size. 
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Graphically, the responses of a stable system to a disturbance can be seen, 
for example, in Fig. 2.2 and Fig. 2.3. In the first one, it can be observed how the 
rotor angles of the generators oscillate, but remain bounded. During the fault, 
angles grow and rotor speeds increase. After the fault clearance, it is observed 
that the angles oscillate, showing a trend to recovery the initial (or other) 
equilibrium state. 
Fig. 2.3 shows angles jointly growing indefinitely. The reason for this 
increase is that, once recovered the synchronism between the generators, the 
system frequency is not the same as the original one. 
 
Fig. 2.2. Stable case. 
 
Fig. 2.3. Stable case with frequency deviation. 
In Fig. 2.4, an unstable case can be seen. Generator 3 loses synchronism 
with respect to 1 and 2, after about 0.5 s from the fault clearance. 
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Fig. 2.4. Unstable case. 
In transient stability studies, the time frame of interest is generally 3 to 5 s, 
after the disturbance. It may be extended to 10 or 20 s for very large systems 
with dominant inter-areas oscillations. In this case, the effects of the control 
systems of generating units must be considered, because they may change their 
dynamic behaviour [1], [2], [5]. 
In practice, the most common method for transient stability analysis of 
power systems is the representation of the set of differential- algebraic equations 
governing the dynamics of the elements of the system, followed by its numerical 
integration with the help of computer tools. 
2.1.3 Numerical integration methods 
In transient stability analyses, the power system is represented by a set of 
differential-algebraic equations that can be written in the form: 
 
 
 0
F
G
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(2.1) 
where x is the vector containing the temporal variables xt, algebraic 
variables xs and control variables xc; x x
n . Function F is a nonlinear function 
associated with vector x, representing differential equations (e.g., those 
associated with the dynamics of synchronous generators and loads and their 
controls), : x xn nF   ; and function G represents the set of algebraic 
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equations, (e.g., power balances in the transmission network and algebraic 
equations of the synchronous machines). 
The first part of system (2.1) results in a set of nonlinear ordinary 
differential equations, with initial conditions x0 at t0 determined in the pre-
disturbance steady state [2]. They can be written as: 
   0     with ( )
d
F t
dt
  0
x
x x x
 
(2.2) 
In the method used in this Thesis, the initial conditions are calculated in 
the TSC-OPF simultaneously with the integration of the nonlinear differential 
equations (2.2). The methods used to solve (2.2) are generally classified in two 
categories: explicit and implicit methods. 
Explicit methods make it possible to calculate the vector of variables at 
each instant, depending on the value of the variables in previous moments. The 
simplest explicit method is due to Euler; however, this method has 
unsatisfactory properties of accuracy and numerical stability. In practice, other 
more advanced explicit methods, such as Runge-Kutta of second, third or fourth 
order, are used. Runge-Kutta methods approximate the solution of (2.2) using a 
Taylor series expansion of the original equations. In general, these algorithms do 
not require the explicit evaluation of derived equations higher than the first 
order. Explicit methods are easy to implement, but they are considered not 
numerically stable [6], [7]. 
Numerical stability is related to the stiffness of the set of differential 
equations representing the system and it is associated with the range of the time 
constants. Thus, when simultaneously representing fast and slow phenomena, 
small time constants require small integration steps to preserve the stability of 
the numerical integration. The presence of large time constants forces to 
simulate long periods of time to observe the response of the system. The 
simultaneous presence of small and large time constants leads to mathematically 
stiff systems, which consume large computational resources [2], [3], [8]. 
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Implicit methods emerge as a response to the problem of representation of 
mathematically stiff systems. These methods use interpolation functions for the 
solution of (2.2), requiring the equations to be evaluated in future time steps in 
order to calculate the state variables. The solution of (2.2), for x at 
t = t1 = t0 + Δt, can be expressed in integral form as: 
  
1
0
t
t
F d  1 0x x x
 
(2.3) 
One of the simplest and more effective methods of implicit integration for 
solving (2.3) is the trapezoidal rule, consisting in the resolution of (2.3) by using 
its approximation by trapezoids of a wide ∆t. In this way, the value of x1 is 
calculated as: 
    
2
t
F F

    1 0 0 1x x x x
 
(2.4) 
In implicit methods state variables are not explicit, as shown in (2.4). 
Iterative processes are often applied to solve the equations. Implicit methods are 
particularly suitable for TSC-OPF problems, because the latter are usually 
iteratively solved. The stiffness of the system does not affect the stability of 
these integration methods [2], [3], [8]. 
2.2 Optimal Power Flow 
The concept of Optimal Power Flow (OPF) was introduced in the ‘60s [9], 
[10], and is today considered one of the most powerful tools for planning and 
operation of electrical power systems. In operation studies, OPF makes it 
possible to determine optimal control actions and optimal operation points, 
considering operating restrictions. In planning stages, OPF is used to determine 
optimal scenarios for future developments of the power system [11]. 
In general, OPF is a problem of nonlinear programming that calculates the 
optimal system solution, minimizing a desired objective function and subject to 
equality and inequality constraints [12]. 
In a standard form, OPF can be formulated as 
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    min    f x  (2.5) 
  subject to  0G x  (2.6) 
                   0H x  (2.7) 
where f (x) is the objective function; G (x) are equality constraints; H (x) 
are inequality constraints. 
The most common objective functions include minimizing the generation 
cost, minimize the loss of active power, minimize generation emissions, 
maximize system security, etc. [13], [14]. 
The restrictions of an OPF model are divided into equality and inequality 
constraints, (2.6) and (2.7). As examples, the set of equality constraints can 
include active and reactive power flow balances at each bus of the grid, while 
inequality constraints can represent technical and operating limits in the system. 
The OPF was expanded in the ‘70s to include safety criteria [15]. The 
resulting optimization problem includes additional restrictions related to the 
operating conditions of the system when is disturbed. In this case, the objective 
is to ensure that the system operates properly under the pre and post-disturbance 
conditions [11]. 
Twenty years ago, the meeting "Challenges to OPF" (organized by IEEE, 
in 1995 [16]) proposed the challenge of including stability restrictions into the 
OPF formulation, a necessary objective for future optimal system operation. 
2.3 Transient Stability Constrained-Optimal Power Flow 
The Transient Stability Constrained-Optimal Power Flow (TSC-OPF) can 
be used in the operation of the system to determine a stable operating point 
facing one or more than one given disturbances. In power system planning, for 
example, it can be used to calculate the best way to ensure stability facing 
demand increases, or to obtain the stability limits of the system dealing with 
disturbances. 
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In general, the difficulties related to TSC-OPF can be classified in two 
groups: 
1 How to include the differential equations that represent the transient 
stability in a conventional OPF. On this field, basically the following 
alternatives are found: 
a. Evaluation of transient stability in the traditional way, such as 
representing the system dynamics through the rotor swing 
equation, and solution of the resulting problem through time-
domain simulations; 
b. Use of direct methods for transient stability assessment, such as 
the Equal Area Criterion, by applying them to an equivalent 
system consisting only in two rotating machines. Another 
alternative direct method that has been used is the representation 
of the problem of transient stability by energy functions such as 
Lyapunov; 
c. Application of hybrid methods combining the previous two to 
assess the transient stability of the system. 
2 How to solve the optimization problem after the transient stability 
constraints are included, being found the following: 
a. Classic programming algorithms, such as linear programming 
(LP), interior point methods (IPM), etc.; 
b. Modern heuristic programming techniques based on evolution 
algorithm, such as particle swarm optimization (PSO); genetic 
algorithms (GA); and differential evolution (DE). 
Based on these two groups, here it is presented a review of the main 
proposals found in the literature to include transient stability constraints in the 
OPF, as well as the methods to solve the resulting TSC-OPF model. 
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2.3.1 Traditional methods 
In [17], (2.1) is rewritten to include the boundaries of the system 
equipment by using inequality constraints. It is obtained: 
  ( )t Fx x  (2.8) 
                  0G x  (2.9) 
                  0H x  (2.10) 
where H (x) represents operating conditions, such as upper and lower 
limits of generator powers, voltages, etc. 
In (2.8)-(2.10) it is assumed that the first order partial derivatives of all 
functions exist, and that they are continuous. To study transient stability for a 
given kth disturbance, the power system represented in (2.8)-(2.10) is subject to 
configuration changes, which can be represented in three stages: 
 The pre-fault stage at t = t0, with all circuits in service, which is used to 
calculate the initial conditions of the dynamic variables and the optimal 
point for the algebraic variables. 
  0 0F x  (2.11) 
  0 0G x  (2.12) 
  0 0H x  (2.13) 
 The fault stage, at (0, ]kccft t , in which the voltage at the fault point is 
zero. 
  1 0     with initial value k k kFx x x  (2.14) 
  1 0k kG x  (2.15) 
  1 0k kH x  (2.16) 
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 The post-fault stage, for .( , ]
k
ccf simt t t , in which the disturbance has 
been cleared by protection systems. 
  2      with initial value k k k kccfFx x x  (2.17) 
  2 0k kG x  (2.18) 
  2 0k kH x  (2.19) 
where x0 is defined as the operation point of the power system, being that 
point that satisfies (2.8) and (2.9), complying with the operating conditions 
(2.10); k is a parameter indicating the kth event of disturbance; kccft  is the time to 
clearance by the kth disturbance; tsim. is the study period. 
Equations (2.11)-(2.19) represent the model of transient stability for a 
power system proposed in [17]. Thus, the TSC-OPF can be defined as a 
nonlinear optimization problem in the functional space, with algebraic and 
differential constraints, as follow: 
  0   min    f x  (2.20) 
  0 0subject to  0G x  (2.21) 
  0 0                 0H x  (2.22) 
   0     with initial value k k k kFx x x  (2.23) 
                   0k kG x  (2.24) 
                   0k kH x  (2.25) 
with 0 ,  
k
tx x  as variables, and for all k = 1 ...m and .[0, ]simt t . 
G 0 and H 0 are the system equations for the pre-fault state; Fk, Gk and Hk 
are the functions corresponding to the equality and inequality constraints during 
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the transient period (during and after disturbance), for the kth state of 
disturbance. 
The proposed TSC-OPF is not easy to solve. The simulation interval 
[0, tsim.] can be discretized in infinite points, resulting in infinite dimensional 
variables  ktx  and infinite equality and inequality constraints, (2.24) and (2.25) 
respectively. In practice, the simulation interval is discretized into a finite 
number of points, making it possible the resolution of the problem. 
The problem (2.20)-(2.25) implies that, at least, a disturbance is present. 
Usually, stability constraints include variations in the rotor angle and deviations 
in the angular velocity of the generators, although other restrictions can be also 
considered, such as over-voltages and sags, power flow limits by lines, power 
swings, etc. 
In [17]-[19], the previous TSC-OPF is transformed from the functional 
space to the Euclidean space, through a transcript of constraints by techniques of 
functional transformation. This technique reduces the dimension of the problem. 
In [17], this transformation is justified because the purpose of the TSC-OPF is 
finding an optimal operating point (x0) with finite dimensions that satisfy all 
constraints at the end of the simulation frame. Therefore, the authors do not 
calculate in detail the trajectories of the variables for the perturbation, making it 
impossible to evaluate the intermediate behaviour of the variables. Applying the 
technique of transcription detailed in [17] to (2.20)-(2.25), an optimization 
problem in the Euclidean space is obtained, expressed as: 
  0   min    f x  (2.26) 
  0 0subject to  0G x  (2.27) 
  0 0                0H x  (2.28) 
  0                0
kH x
 (2.29) 
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The TSC-OPF problem, reformulated in (2.26)-(2.29), has only (x0) as 
variables, with finite dimensions. Equations (2.26)-(2.29) can be viewed as the 
search problem of the optimal initial value of the variables (x0) for the specified 
disturbances; this problem can be solved by using standard optimization 
techniques. In [17], the Jacobian matrices of the transient stability constraints 
are also obtained, and two calculation algorithms are given, performed ad-hoc 
and based on the relaxation scheme, by exploiting the intrinsic properties of 
transient stability analysis of power systems. In [18], the Jacobian and Hessian 
matrices of the transient stability constraints are obtained, implementing a 
nonlinear direct method of Primal-Dual Interior Point with quadratic 
convergence. Furthermore, potential energy boundary surface method is adopted 
to detect angle instability [19]. 
A different approach is utilised by the authors of [20] and [21], in which 
the efforts are not aimed to reduce the size of the optimization problem, but to 
represent and integrate the dynamic equations of the system into the TSC-OPF 
model. Thus, in the transient stability model of the power system (2.11)-(2.19), 
the differential and algebraic equations are transformed into a set of numerically 
equivalent algebraic equations, using appropriate rules. This set of algebraic 
equations is then introduced into the OPF as transient stability constraints, 
resulting in a problem of large dimension. 
In this new approach, the authors of [20] performed a discretization of the 
time domain simulations integrating them by using trapezoidal rule. Moreover, 
the linearization of all OPF constraints (including stability constraints) and the 
objective function is used. The authors developed the model algorithm based on 
the successive linear programming method, whose solution must satisfy the 
Karush-Tucker optimality condition associated with the original nonlinear 
problem. 
In [22] and [23], the authors applied the same discretization model of 
trapezoidal rule, without linearization of equations. In [22], the study was 
performed taking into account multiple contingencies in the system and, as 
result, more expensive generators were dispatched to ensure stability. In the 
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solution, the economic dispatch cost is increased with respect to the 
consideration of a single contingency. In their work, the authors achieved a 
significant reduction in the equality constraints, and therefore in the CPU time, 
by using the concept of reduced admittance matrix, which only considers the 
internal nodes of the generators during the transient period. Furthermore, to 
solve the problem of TSC-OPF with multi contingencies an interior point 
method created ad-hoc is implemented. In [23] the same concept to reduce the 
size of the problem to be optimized is used. 
In order to improve the computational efficiency of the discretized TSC-
OPF, in [24]-[27] the authors propose mathematical manipulations resulting in 
improved numerical discretization methods. In [24] and [25], the keys to the 
proposed improvements are, firstly, to consider the relatively small number of 
degrees of freedom of the TSC-OPF, which makes it suitable for the solution 
using a technique of Reduced-Space Interior-Point method (RIPM). Secondly, to 
consider the truncation error of the numerical integration algorithm, representing 
the differential equations as inequality constraints rather than as equality 
constraints. The latter consideration decreases by nearly 50 % the size of the 
primal-dual linear system and improves the computational efficiency of the 
TSC-OPF algorithm, based on the interior point method. 
In [26], a RIPM parallel algorithm with high computational efficiency for 
multiple contingencies TSC-OPF problems is presented. A two-level parallelism 
has been developed to maximize the computing power of a Beowulf cluster, 
equipped with multi-core CPUs [28], [29]. First, several compute intensive steps 
of the TSC-OPF algorithm are decomposed for contingencies, with using 
mathematical equivalent transformations. Corresponding computing tasks are 
assigned, stored and processed on different nodes. Second, the task of 
distributed computing is accelerated by elemental decomposition on Jacobian 
matrices, and high performance math libraries are used to maximize the multi-
core processors in each node. 
In [27], the authors present a model of unit commitment with transient 
stability constraints achieving the objective of maintaining the transient stability 
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and economic operation of the system facing contingences. In the proposed 
model, transient stability constraints are incorporated within the unit 
commitment. In order to solve efficiently the problem, augmented Lagrangian 
relaxation, variable duplication techniques and auxiliary-problem principle are 
used. The original problem is decomposed into two sub-problems: the first one 
is the traditional unit commitment, and the second one is a TSC-OPF. The first 
sub-problem is solved by dynamic programming, while the second is solved 
using a RIPM. An iterative process continues until the duality gap is sufficiently 
small. 
As can be seen, the here called traditional method incorporates directly the 
limitations of transient stability into the OPF and solves the problem of TSC-
OPF as a whole. In this case, the mathematical model of transient stability and 
the steady-state restrictions of the power system are fully preserved. The main 
inconvenient of these methods is still the heavy computational burden when 
working with large systems and more than one contingency. However, as 
mentioned, this problem is sometimes minimized using parallel processing 
techniques or faster CPU processors [30]. 
2.3.2 Direct methods 
In [31]-[33], an approach based on sensitivity analysis of the trajectories is 
proposed, studying the variations on the system variables with respect to small 
variations of the initial conditions and control parameters. In particular, it is 
studied the sensitivity of the rotors angle trajectory and/or the angular velocity 
deviation, due to variations in the dispatched active power. Thus, for each 
contingency these trajectories are computed together with the dynamic state of 
the system. In each contingency, the most vulnerable machines, from the 
stability point of view, are identified and the generation is displaced toward the 
less vulnerable generator, following the sensitivity of the trajectories already 
calculated. The former studies choose between moving the most vulnerable 
generation either to a single machine or to a group of them. 
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In [34], a great simplification is done, reducing the multi-machine initial 
model to a two machines model, using the concept of "Single Machine 
Equivalent" (SIME) and thus decreasing the dimension of the system to be 
optimized. In this case, the stability of a one-machine infinite bus (OMIB) 
system is analyzed. In the paper, the analysis based on OMIB is used to estimate 
the power to change from critical machines to non-critical ones. 
Direct methods require less computational resources than traditional 
methods, because the original set of differential and algebraic equations is 
drastically reduced. In the direct methods, the main burden of calculation is due 
to determine the required change of generation. The reduction in the number of 
generators and equations makes it possible to consider multi-contingencies and 
more detailed models of the system elements. Also, direct methods can provide 
more explicit control mechanisms, which can be taken as a reference for system 
operators and participants in the energy market. However, the direct methods 
only provide suboptimal and approximate result, since the change of generation 
is determined by the values obtained by the sensitiveness of trajectories or 
OMIB calculations, that is, without a complete optimization [30], [35]. 
Following the concept of model reduction present in [34], in [36] and [37] 
the OMIB is used to determine the maximum angular deviation. This 
information is included into the conventional OPF problem to dispatch or re-
dispatch generators, and so to find a global approximate optimum by using the 
SIME method. In this way, a single transient stability constraint is included in 
the formulation of the conventional OPF to represent the limits of the multi-
machine dynamic system. Thus, the original problem is reduced to an 
optimization problem with very similar dimension to the conventional OPF. 
The authors of [38] propose to transforms the rotor angle trajectories of a 
multi-machine system to the angle space of a single rotor angle trajectory of 
OMIB equivalent whose stability properties, inferred from the equal area 
criterion, define the transient stability properties of the multi-machine system. 
Therefore, the transient stability of the multi-machine system can be controlled 
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by constraining the OMIB’s rotor angle maximum excursion to a value that 
ensures system transient stability. 
In [39] and [40], the SIME model is added to other substantial 
simplification of the original TSC-OPF problem, using independent dynamic 
simulations. In this approach, dynamic constraints are removed from the 
optimization formulation and are implemented in an external simulation 
algorithm. Based on the simulation results, a unique transient stability constraint 
is obtained. This constraint is then handled by the optimization algorithm to 
calculate the optimal steady-state operation point. Since the two algorithms are 
independently solved, the detail in the machine model and the integration step of 
the simulation does not affect the size of the optimization model. This 
approximation significantly reduces the TSC-OPF computational cost and, as a 
result, makes it possible to implement detailed models of the generators, [40]. 
2.3.3 Methods based on evolutionary algorithms 
In this section, the analysed methods focus their efforts on how to solve 
the TSC-OPF problem, modelled in some of the above described forms, using 
modern optimization techniques, genetic algorithms [41], particle swarm 
optimization [42], differential evolution [43] and others. 
Evolutionary algorithms solve the TSC-OPF problem by adopting 
mechanisms of modern heuristic search. Stability constraints are satisfied by a 
transient stability assessment in the system modelling, and multiple 
contingencies can be considered. Due to the characteristic of global search, 
theoretically it is possible to find the TSC-OPF global optimum. However, they 
usually require a considerable number of iterations to obtain a sufficiently good 
solution [30]. 
Articles [30] and [44] present a recent  and more extensive review of 
methods used to solve the TSC-OPF, including heuristic and conventional ones. 
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2.4 Conclusions 
In recent years an increasing interest about TSC-OPF problems can be 
observed. Different approaches have proposed, aiming to solve different issues 
emerging from the inclusion of transient stability constraints into the 
conventional OPF. 
Firstly, research has focused on how to include such restrictions within the 
OPF model. Solutions as discretizing the differential-algebraic equations 
representing the model of transient stability in the time-domain, by means of the 
trapezoidal rule, are used in many cases. To reduce the computational burden, 
many approximations have been proposed, including reductions in the power 
system, SIME method, separation between steady-state and dynamic studies, 
sensitivity analyses, etc. In other cases, energy functions were used to model the 
transient stability problem. 
Secondly, the researchers have focused on how to solve the optimization 
problem, once transient stability constraints are included. Two great sets of 
solutions arise: one, based on traditional methods such as linear programming, 
gradient or interior point methods; other, using modern techniques based on 
evolutionary algorithms, such as genetic algorithms, particle swarm, etc. 
Moreover, several researchers have focused on efficiency and computational 
power, with improvements in the solution algorithms such as the RIPM, parallel 
processing techniques, costumed-tailored interior point methods, etc. 
The TSC-OPF problem proposed on this thesis is based, partially, on the 
formulation developed by the so-called traditional methods, because they allow 
a better representation and control of the dynamic behaviour of machines and 
systems. However, it includes also improvements in the representation of 
realistic systems, including more detailed generation machines, a model of a 
HVDC-LCC link, etc. The proposed models include power flow equations 
before the disturbance; technical limits of generators, lines and buses; oscillation 
equations for all generators in the system; and stability limit equations given by 
the angular or speed deviation between each generator and the reference. 
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Moreover, other problems not yet considered in TSC-OPF formulations have 
been explored, such as determination of the maximum loadability, economic 
effect of fault clearing times, and stability and economic effects related to 
recovering power injection in a HVDC link after a fault. 
Regarding the solution method, an effort was made in this thesis to use 
conventional and easily available solvers. Therefore, the algorithms were 
implemented in MATLAB and GAMS. The data of same cases were prepared in 
PSS/E and interfaces written in Python were used. Evolutionary methods were 
not necessary to obtain the TSC-OPF solutions. In the following four chapters, 
some applications and results obtained from the proposed TSC-OPF 
formulations are presented. 
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Chapter 3. 
Optimal Re-Dispatch of an Isolated 
System Considering Transient 
Stability Constraints 
Abstract— In this paper, an algorithm for calculating the optimal 
operation of a system with different load states and fault clearing times is 
proposed. The algorithm simultaneously considers both economic and stability 
constraints. The proposed formulation is evaluated on the Majorca and Minorca 
islands power system, which is a small, isolated system with low inertia. A 
conventional optimisation tool is used to solve the optimisation problem. The 
results show the efficiency of the proposed approach and the advantages of 
including stability restrictions in the optimisation analysis. The application of 
the algorithm to different operation points is used to evaluate the cost of 
assuring the transient stability after a severe fault in the transmission grid. The 
analysis of different fault clearing times is used to estimate the economic 
savings of implementing a faster protection system. 
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3.1 Introduction 
Optimal power flow (OPF) is an important tool for power system 
operation and planning. The main purpose of an OPF program is calculating the 
optimal operating point of a power system and setting the variables for the 
economic and secure operation of the system. 
Transient stability studies test the optimal solution obtained from the OPF 
under credible disturbances to ensure the stability of the system. If the system is 
transiently unstable under one of the disturbances, the OPF solution must be 
modified. Heuristic trial-and-error methods, based on engineering experience, 
are typically used to re-dispatch the system to guarantee the stability of the 
operation [1], [2]. The conventional sequential procedures of dynamical 
simulation require the same number of equations and variables. Therefore, when 
the number of variables is greater than the number of equations, the best 
solution of the system is obtained by successive behaviour simulations to find a 
reasonable answer [3], [4]. 
Until recently, the dynamic of a power system could not be incorporated 
into a mathematical OPF formulation through a transient stability model. 
3.1 Introduction 35 
 
 
 
However, the advance of computing resources and consolidation of optimisation 
methods for the solution of large-scale problems allow the temporal 
representation of the dynamical system in the optimisation problems. The main 
advantage of representing differential equations in optimisation problems is the 
possibility of giving a preferential direction to the solution of the dynamic 
equations when the number of variables exceeds the number of equations. In this 
manner, it is possible to minimise or maximise performance indexes, calculate 
optimal parameters and make the system more stable or economical. Of course, 
this integration of static and dynamic studies implies an increase in the 
dimension of the optimisation problem [5]. 
The transient stability-constrained OPF (TSC-OPF) aims to integrate 
economic objectives and both steady-state and stability constraints in one unique 
formulation. Previous studies on TSC-OPF show different ways to approach this 
complex problem. In [6] and [7], the infinite-dimensional TSC-OPF problem is 
converted to a solvable finite-dimensional programming problem using 
functional transformation techniques. The transformed problem has the same 
variables as those in the pure OPF problem. In this approach, the temporal 
behaviour of the dynamic variables cannot be observed. Alternatively, in [8], 
dynamic equations are transformed into numerically equivalent algebraic 
equations using the trapezoidal rule and then included in the conventional OPF 
formulation. For the algorithm to be solved, the OPF constraints, stability 
equations and objective function must be linearised. The authors of [9] and [10] 
propose the resolution of a multi-contingency TSC-OPF problem, including the 
temporal representation of the dynamical equations in the optimisation problem. 
To obtain the solution, a specifically modified algorithm of the Primal-Dual 
Interior-Point method is used. This algorithm can accommodate nonlinear 
equations, but a reduction method is necessary to efficiently handle the 
inequality constraints. Nonlinear equations are also represented in [11], which 
considers the algebraic equations (both equality and inequality constraints) that 
describe the steady-state situation of the power system during both the pre-fault 
and steady-state post-fault periods. In [12], the authors propose a similar 
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approach, reducing the multi-machine model to a scheme of two machines using 
the "single-machine equivalent" concept. 
This study proposes an algorithm that includes all of the simulation period 
in one formulation: the pre-fault, fault and post-fault stages. The differential 
equations of the classical model of the generators for dynamical studies are 
explicitly included in the optimisation problem as nonlinear constraints using 
the trapezoidal rule. Two different simulation steps, during and after the fault, 
are used to reduce the computational burden. Using this approach, the most 
changing stage of the simulation can be represented in more detail. 
The algorithm is applied to the interconnected system network of the 
islands of Majorca and Minorca, consisting of 15 buses and 3 generation 
machines in isolated operation. The optimal generation dispatch, considering 
economic parameters and assuring the stability of the system at different load 
states and after one of the most severe faults, is obtained. The generators must 
preserve a maximum angle deviation from the grid’s centre of inertia (COI). The 
dynamic behaviours of the three generators are simultaneously calculated in the 
optimisation solution. At the end of the paper, two fault clearing times are 
considered to analyse the effect of using faster protections from an economic 
point of view. 
The results show that the proposed algorithm can adequately calculate the 
optimal behaviour of the system for different load states and fault clearing times 
in an efficient manner. An initial calculation of the costs associated with the 
stability constraints for different operation states is performed. In the present 
system, the reduction of the clearing time of some protections (from 300 to 
250 ms) can decrease the operational cost by 8.84 % for medium load 
conditions. 
3.2 Transient stability model 
Analysing the transient stability of power systems involves the 
computation of their nonlinear dynamic response to large disturbances, typically 
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a fault in the transmission network followed by the isolation of the faulted 
element by protective relaying. In this section, a mathematical model of the 
power system dynamics suitable for the TSC-OPF and a criterion for 
determining whether a case is acceptable with respect to rotor angle stability are 
proposed. 
In this paper, the synchronous generators are represented by the classical 
generator model [13], which consists of a voltage source iE  of ﬁxed magnitude 
behind a transient reactance dix , as shown in Fig. 3.1. In the classical model, the 
swing equation provides the two differential equations for each generator as 
follows: 
 0i id dt     (3.1) 
   1 2i i mi ei i id dt H P P D       (3.2) 
where i is the angular position of the rotor with respect to a 
synchronously rotating reference, i is the rotor speed deviation, 0 is the 
reference frequency, Hi is the inertia constant, Pmi and Pei are the input and 
output powers, respectively, Di is the damping constant and d / dt is the derivate 
of the function with the time. 
 
Fig. 3.1. Equivalent circuit of the synchronous generator. 
The mechanical power input is considered to be constant throughout the 
study period, and the magnetic saturation is not represented. The three more 
usual static load models in transient stability studies are: constant impedance, 
constant current and constant power [14]. In this study, the loads are modelled 
as constant impedances and included in the system's admittance matrix. This 
representation allows the reduction of the admittance matrix during the transient 
i
x'di
E'i
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period, only representing the internal nodes of the synchronous generators. The 
representation of all loads as passive impedances is one of the common 
simplifications applied in TSC-OPF [5], [9], [10], [12], because it significantly 
reduces the number of equations. The output power of the ith generator can then 
be expressed as: 
  , ,
1
cos
gN
ei i j red ij i j red ij
j
P E E Y   

     (3.3) 
where Ng is the number of generators and the complex number, , ,red ij red ijY   
is the element in position (i, j) of the reduced admittance matrix. 
The classical generator model is commonly used in the state of the art 
TSC-OPF [8]-[12]. This model is a compromise between adequate dynamic 
representation and computational burden. In this study, conservative limits for 
the determination of the transient stability constraints are adopted, due to the 
difficulties associated with improving the representation of the generators by 
including additional differential equations. 
The state of the system is considered acceptable for a given disturbance if 
the maximum rotor angle deviation during the electromechanical oscillations 
does not exceed a certain value. Here, instead of the maximum deviation 
between the angles of two machines [12], [15]-[17], the maximum deviation 
with respect to the COI is constrained [18]. The COI has the advantage of 
providing a reference that includes the component of the angle deviation due to 
the acceleration of the system and allowing to identify the component with the 
larger individual rotor oscillations. The angle of the COI is defined as 
 
1 1
g gN N
COI i i ii i
H H 
 
   (3.4) 
Differential equations (3.1) and (3.2) are solved using the trapezoidal rule, 
which is an L-stable implicit integration method [19]. The stability of the 
trapezoidal rule is important because it allows the computational time to be 
reduced by using larger time steps. 
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When applied to equations (3.1) and (3.2), the trapezoidal rule yields 
    1 102t t t ti i i it           (3.5) 
     1 1 14 2t t t t t ti i i mi ei ei i i it H P P P D                (3.6) 
where t is the iteration step and ∆t is the time step. The fact that the 
trapezoidal rule is an implicit method is not a problem in this study because the 
optimisation algorithm solves all of the equations simultaneously, obtaining the 
dynamic positions in all of the simulation periods and the optimal initial 
conditions at the same time. 
3.3 Formulation of the TSC-OPF problem 
The objective of this study is to obtain the optimal operational conditions 
of the system when the system is affected by a symmetrical three-phase fault to 
ground with different load levels. The fault is applied for a short period of time, 
and after that period, the protection systems disconnect the faulted part of the 
network. Therefore, the problem presents the following three network 
conditions: 
 The pre-fault stage, with all of the circuits in service, that is used to 
calculate the initial conditions of the system; 
 The fault stage, in which the voltage at the point of failure is zero; 
 The post-fault stage, in which the fault has been cleared by the 
protection systems, and the voltage is restored. 
To calculate the best system response using both economic and stability 
criteria, these three stages must be simultaneously represented in an optimisation 
problem. The optimisation formulation aims to minimise the generation cost of 
operating the system considering the bids of the producers. The variables of the 
problem are the active and reactive power productions, the internal voltage of 
the generators, the voltage in the buses, the current through the lines during the 
pre-fault stage, and the angle and speed of the generators at each discretisation 
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point of the temporal dynamic representation. The solution of the optimisation 
problem calculates the optimal value of the dispatched powers while 
maintaining the stability of the operation. 
The proposed optimisation problem with transient stability constraints is 
represented by the following equations. 
 
1
Min.     ( )=
gN
gi i gi
i
f P p P

  (3.7) 
subject to 
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  0sin 0gi di i gi i giP x EV       (3.11) 
  2 0cos 0gi di gi i gi i giQ x V EV        (3.12) 
 0 0i   (3.13) 
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 min max
t t
t i COI t       (3.18) 
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 min max
t
i        (3.19) 
 min maxgiP P P   (3.20) 
 min maxgiQ Q Q   (3.21) 
 min maxiE E E     (3.22) 
 min max
t
i     (3.23) 
 min maxnV V V   (3.24) 
 min maxn     (3.25) 
 max0 nmI I   (3.26) 
, 1,..., gi j N  ; , 1,..., bm n N  ; 1 max 21,..., ( )t fc fct N t t t t t        
where ,g busnP  and ,g busnQ  are the active and reactive powers injected in the 
nth bus, respectively; giP  and giQ  are the active and reactive power generations 
of the ith producer, respectively; ip  is the price factor of the i
th generator; ,d busnP  
and ,d busnQ  are the active and reactive powers of the n
th load, respectively; n nV   
is the voltage at bus n; nm nmY   is the element (n, m) of the admittance matrix; 
Inm is the current between buses n and m; BranchnmY  is the line admittance between 
buses n and m; g gi iV   is the voltage at generation bus i; , ,red ij red ijY   is the 
transfer admittance of the reduced admittance matrix; t is the index of the 
iteration step; tfc is the duration of the fault; tmax is the maximum simulation 
period; t1 is the integration step width during the fault; t2 is the integration 
step width post-fault; (·)min and (·)max are the lower and upper limits of the 
variables and quantities, respectively; Ng is the number of generators; Nb is the 
number of buses; and Nt is the number of time steps. 
Objective function (3.7) aims to calculate the optimal generation cost 
using linear price functions for a given generated active power. The 
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representation of the market can be easily improved in the formulation without 
affecting the algorithm. In the present case, a simple modelisation is preferred 
for clarity. 
The equality constraints are as follows: 
 Equations (3.8) and (3.9) represent the balances in the active and 
reactive power flows, respectively, in the pre-fault stage in all of the 
buses. 
 Equation (3.10) calculates the current transmission into the lines in 
the pre-fault stage. In (3.8)-(3.10), matrix Y includes all of the buses 
in the system. 
 The initial study state values of the rotor angle and constant voltage 
iE  are calculated in (3.11) and (3.12). In the pre-fault stage, the 
system is in synchronism, so the initial rotor speed deviation is zero 
(3.13). 
 Using the trapezoidal rule, equations (3.14) and (3.15) represent the 
dynamics of the machines in both the fault and post-fault stages. 
 Equation (3.16) calculates the generated active power in both the fault 
and post-fault stages. In this equation, the matrix Yred is a reduced 
matrix, including only the internal nodes of the generators. In the fault 
and post-fault periods, all the loads of the system are represented as 
passive impedances, allowing the use of the Kron reduction method 
[4], [9], [10], [12] and drastically reducing the number of equations. It 
must be stressed that the Kron reduction does not require any other 
approximation in the representation of the system. 
 Equation (3.17) represents the equivalent angle of the system’s COI in 
each integration step. 
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The inequality constraints are as follows: 
 The stability limits are represented through (3.18) and (3.19) for the 
rotor angles and the rotor speed deviation, respectively. The angular 
stability limits are measured with respect to the equivalent angle of 
the system’s COI in each integration step. 
 The technical limits of the installed capacity are represented in (3.20) 
and (3.21), limiting the power production of the generators. 
 In (3.22) and (3.23), the restrictions on the internal voltage of the 
generators are shown. 
 The system operating limits are represented in (3.24) and (3.25) for 
the voltage modules and angles in the buses of the system, 
respectively; (3.26) represents the system operating limits for the 
currents in the transmission lines. 
As mentioned in the Introduction, two integration steps are used in 
equations (3.14) and (3.15) to represent the fault and post-fault periods. Time 
step t1 (used in the representation of the fault) is smaller than step t2 (used in 
the post-fault period) to reduce the computational burden without losing 
accuracy in the representation of the fault period. 
In this study, the problem is solved using MATLAB [20]. A conventional 
solver based on the Interior-Point method is utilised to obtain the solutions of 
the (3.7)-(3.26) without particular modifications. The tolerances in the 
convergence are adjusted to 10-6. 
3.4 Case of study 
The proposed optimisation method (3.7)-(3.26) is applied to a reduced 
version of the power system of Majorca and Minorca, which are two islands in 
the western Mediterranean Sea located near the eastern coast of the Iberian 
Peninsula. Fig. 3.2 shows a simplified map of the power system, including the 
main power plants and the 220 and 132 kV grids. The study case contains three 
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power plants: G1 is a 600 MW combined cycle power plant, G2 is a 510 MW 
coal-fired power plant, and G3 is a 275 MW gas turbine plant. The main load 
areas are located in the west of Majorca (close to buses 4, 5 and 6) in the north 
of Majorca (close to bus number 8) and east of Minorca. 
 
Fig. 3.2. Map of the power system of Majorca and Minorca. 
Most previous studies on TSC-OPF have been applied to systems with one 
or two generators or large interconnected systems that were later reduced to two 
generators. In this case, the dynamic behaviours of the three generators are 
strictly preserved using separated models for each one. Furthermore, in this 
study, the dynamics of an isolated system facing disturbances is more difficult to 
control than those of interconnected grids, due to the relatively small inertia of 
the isolated system. 
Fig. 3.3 shows the one-line diagram of the system. The transmission grid 
contains three voltage levels: 220, 132 and 66 kV. The 220 kV grid is the bulk 
of the power system. The 132 kV grid (which includes two 43 km long AC 
submarine cables between both islands) is represented by a single line because a 
more detailed representation does not affect the results. The 66 kV grid has been 
included in the model because it is a mesh network, and provides alternative 
routes between the 220 kV buses and thus affects the power flows during the 
electromechanical transients after the fault. 
In the Appendix, the full dynamic generator data (Table 3.2), the prices for 
the active power generation (Table 3.3), the parameters of the lines and 
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7
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transformers of the system (Table 3.4), the load data (Table 3.5) and the limits 
of the variables (Table 3.6) are provided. The prices for active power generation 
are obtained from historical data [21] representing typical values for January 
2011 in Spain. In the pre fault stage, bus 1 is the slack bus, with fixed angle 
zero. During and after the fault, the maximum deviation of the rotor angles to 
the COI is 50, which corresponds to a maximum deviation of 100 between 
individual generators.  
 
Fig. 3.3. One-line diagram of the case study. 
In this study, the effect of a three-phase fault to ground in the line between 
buses 5 and 7, close to bus 5, is analysed. The fault is cleared by disconnecting 
the faulty line in ends 5 and 7. This fault is selected because it is dangerous from 
the point of view of the system’s transient stability; the short circuit is close to 
generator G1 (the largest of the three generators), and the disconnection of the 
line between buses 5 and 7 eliminates a mesh in the middle of the transmission 
grid. Simulations have shown that this is the most critical disturbance in the 
system for the present configuration. 
The optimisation problem (3.7)-(3.26) requires a relatively large number 
of constraints and variables to represent the considered case study. For the 
analysed system, a simulation time of tmax = 3 s, a fault clearing time of 300 ms 
and discretisation periods of t1 = 0.02 s and t2 = 0.05 s, the numbers of 
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variables, equality and inequality constraints are 748, 886 and 1,358, 
respectively. The conventional solution algorithm used (based on the interior-
point method) solves this optimisation problem in approximately one minute 
using a medium-cost laptop (Processor 1600 MHz, RAM 2GB). 
3.5 Results 
In this section, the validation of the optimisation program using the 
Runge-Kutta (R-K) method is shown, and the dispatch obtained in a 
conventional OPF is compared with the result of the TSC-OPF for a fault 
clearing time of tfc = 300 ms and different levels of demand. The effects of using 
a faster protection in the TSC-OPF results are then presented. Finally, an initial 
quantification of the cost of considering transient stability constraints in the 
generation dispatch of the system is performed. 
3.5.1 Validation of the optimisation algorithm 
The optimisation algorithm has been validated with respect to the accuracy 
of the dynamic simulation, the satisfaction of the constraints and the 
convergence. All of the examples provided in this section correspond to the 
same case, in which the system operates at 75 % of the load rate and a fault 
clearing time of 300 ms, although the validation has been performed for 
different operational conditions. 
To validate the solution of the dynamic equations provided by the 
optimisation algorithm, the results are compared with those obtained using a 
Runge-Kutta method. Both results are very similar, as shown in Fig. 3.4. The 
upper graph shows the speed deviation of the three generators as provided by the 
optimisation algorithm. The lower graph is obtained by applying the MATLAB 
solver ode45, which is based on an explicit Runge-Kutta (4,5) formula [20], to 
equations (3.1) and (3.2). The initial point used to apply the Runge-Kutta 
method is the optimal power dispatch provided by the optimisation algorithm so 
that both simulations begin at the same initial point. Because no substantial 
difference is observed between both graphics, the trapezoidal method and 
3.5 Results 47 
 
 
 
integration step used by the optimisation algorithm are sufficiently accurate to 
represent the system dynamics. 
 
Fig. 3.4. Verification of the results obtained with the TSC-OPF 
using the Runge-Kutta method. 
Fig. 3.5 shows the evolution of the rotor angles of the three generators and 
the COI. The upper and lower bounds are the stability margin of 50 maximum 
deviations from the COI. As shown in the figure, the larger deviations occur at 
the beginning of the simulation. The damping effect reduces the amplitude of 
the deviations in the post-fault stage. 
 
Fig. 3.5. Evolution of the rotor angles. 
0 0.5 1 1.5 2 2.5 3
-0.02
0
0.02
0.04


 (
pu
)
TSC-OPF with tfc = 300 ms and Lf = 0.75 p.u.
 
 
1 2 3
0 0.5 1 1.5 2 2.5 3
-0.02
0
0.02
0.04
Time t (s)


 (
pu
)
Verification by R-K method
0 0.5 1 1.5 2 2.5 3
-100
0
100
200
300
400
500
600
700
Time t (s)
R
ot
or
 A
ng
le
  
 (
º)
 
 
1 2 3 COI

COI
 + 50º

COI
 - 50º
48 Optimal Re-Dispatch of an Isolated System 
Considering Transient Stability Constraints 
 
 
Fig. 3.6 and Fig. 3.7 show the evolution of the objective function and the 
first-order optimality, respectively, during the iterations of the conventional 
solution algorithm implemented in MATLAB. Fig. 3.6 shows that after 16 
iterations, the objective function reaches a value similar to the final value, but 
the program requires an additional 14 iterations to determine the optimal value 
that meets the required tolerances. 
The first-order optimality shown in Fig. 3.7 is a measure of the closeness 
between the solution point obtained at each iteration and the optimal point, as 
specified by the strict observance of the Karush-Kuhn-Tucker conditions [22]. 
The first-order optimality, among other criteria, must be less than the maximum 
tolerance for the algorithm to stop the iterative process. 
Fig. 3.6 and Fig. 3.7 show a general trend in the studied cases: while the 
value of the objective function decreases, the first-order optimality remains 
almost constant. Once the objective function is near the minimum cost, the 
program continues iterating until the value of the first-order optimality is less 
than the defined tolerance. 
 
Fig. 3.6. Evolution of the objective function 
during the iterations. 
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Fig. 3.7. Evolution of the first-order optimality 
during the iterations. 
3.5.2 Comparison of the classical OPF and TSC-OPF for tfc = 300 ms 
The classical OPF and proposed TSC-OPF have been applied to a number 
of operation points to study the cost of satisfying the transient stability 
constrains. Each operation point corresponds to a different load level specified 
by a load factor Lf, i.e., Lf = 1 corresponds to the rated load and Lf = 0.5 
corresponds to half the rated load. The load factor Lf affects to both the active 
and reactive powers in the same proportion. Therefore, equations (3.8) and (3.9) 
are substituted by 
  
1
cos 0
b
n n
N
g f d n m nm n m nm
m
P L P V V Y   

    
 
(3.27) 
  
1
sin 0
b
n n
N
g f d n m nm n m nm
m
Q L Q V V Y   

    
 
(3.28) 
The conventional OPF is performed by solving an optimisation problem 
with equations (3.7)-(3.10), (3.20), (3.21) and (3.24)-(3.26) [23]. Fig. 3.8 shows 
the active power produced by the generators when Lf varies between 0.1 p.u. and 
1.45 p.u. The obtained dispatch is purely economic, without consideration of the 
stability constraints. 
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Fig. 3.8. Dispatch obtained with the OPF. 
 
Fig. 3.9. Active power dispatch obtained with 
TSC-OPF for tfc = 300 ms. 
Fig. 3.9 shows the optimal values provided by the optimisation algorithm 
when the stability constraints are included and the fault clearing time is 
tfc = 300 ms. The problem is defined by equations (3.7)-(3.26), substituting (3.8) 
and (3.9) with (3.27) and (3.28), respectively, to reflect the different operation 
points. The optimal values obtained using the TSC-OPF are different from those 
obtained with the classical OPF. The changes in the dispatch reflect the need to 
comply with the restrictions imposed to assure the stability of the system. From 
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Lf = 0.2 p.u. onwards, stability is only assured by forcing the dispatch of 
generators G1 and G3, which are more expensive than generator G2. 
3.5.3 Effect of a faster switch 
The use of faster protection systems is one of the main resources available 
for transmission system operators to improve the transient stability of a system. 
However, the replacement of an existing switch by a faster switch has an 
economical cost, and the operator must evaluate whether it is justified or not. 
To provide an economic assessment for the convenience of a faster switch, 
the proposed optimisation algorithm is applied to the base case and the fault 
clearing time is changed from 300 ms to 250 ms. Fig. 3.10 shows the obtained 
results. Comparing Fig. 3.8, Fig. 3.9 and Fig. 3.10 shows that the reduction of 
the fault clearing time displaces the solution of the TSF-OPF towards that of the 
OPF. The use of a faster switch improves the stability of the system and thus 
allows the power generated by the cheapest plants to increase. 
 
Fig. 3.10. Active power dispatch obtained with 
TSC-OPF for tfc = 250 ms. 
3.5.4 Transient stability cost assessment 
The previous analysis allows the cost of assuring the stability of the 
system to be initially quantified. Fig. 3.11 shows the increase in the generation 
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cost of the TSC-OPF with respect to the classical OPF. The dashed line 
corresponds to the initial fault clearing time of 300 ms; this line can be 
interpreted as the increment of the cost due to ensuring the transient stability of 
the system for the selected fault with different load levels. 
The continuous line corresponds to the difference in generation costs for 
the fault clearing time of 250 ms. The difference between both lines in Fig. 3.11 
represents the economic savings of installing a protection system that clears the 
selected fault in 250 ms. 
 
Fig. 3.11. Cost increase to meet the transient stability constraints. 
The cost increase due to the transient stability constraints ranges between 
3 % and 26 % when tfc = 300 ms and between 0 and 13 % when tfc = 250 ms. 
The figure has two clearly defined areas, which are described below. 
For a load factor between 0.1 p.u. and 0.55 p.u., the generation cost 
increases considerably when stability constraints are considered because the 
more expensive generators G1 and G3 must be dispatched to guarantee the 
stability of the system, a fact that does not occur in the classical OPF. 
When Lf > 0.55 p.u., the difference between the costs of the OPF and 
TSC-OPF is reduced because the generator G2 is fully dispatched in the classical 
OPF (see Fig. 3.8), and thus, the generator G1 (more expensive) begins to 
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produce. From Lf = 1.2 p.u. onwards, the difference between the OPF and TSC-
OPF decreases further because G3 is also dispatched in the classical OPF. 
In Table 3.1, the last line (Average Value) was calculated with the values 
of Cost obtained for all of the load factors in Fig. 3.11. 
TABLE 3.1: COST COMPARISON. 
Load 
Factor 
OPF 
TSC-OPF 
tfc = 300 ms tfc = 250 ms 
Difference between the 
300 ms and 250 ms cases 
Cost (a) Cost (b) Cost =  
((b-a)/a)*100 
Cost (c) Cost =  
((c-a)/a)*100 
Cost =  
(b-c) 
Cost =  
((b-c)/b)*100 
[p.u.] [€] [€] [%] [€] [%] [€] [%] 
0.10 37.07 37.24 0.46 37.07 0.00 0.17 0.46 
0.55 205.57 259.03 26.01 236.13 14.87 22.90 8.84 
1.20 623.84 685.93 9.95 668.27 7.12 17.66 2.58 
1.45 844.84 876.58 3.76 854.88 1.19 21.68 2.47 
Average 
Value 
- - 10.91 - 5.77 - 4.49 
The advantages of changing the protective system depend on the most 
frequent load level in the operation of the system. Table 3.1, which 
complements Fig. 3.8, shows the total costs of the OPF and TSC-OPF at several 
operating points. At a load factor of Lf = 0.55 p.u., for example, the satisfaction 
of the transient stability constraints increases the cost of the electrical energy 
from 205.57 to 259.03 € (26.01 % increase) for the present clearing time 
(300 ms). At the same operation point, the reduction of the fault clearing time 
from 300 to 250 ms would reduce the cost of the energy from 259.03 to 
236.13 € (14.87 % increase with respect to the conventional OPF and 8.84 % 
less than that with a clearing time of 300 ms). The TSC-OPF, in addition to 
providing the optimal operation of the system satisfying the stability constraints, 
is an interesting cost assessment tool with respect to investments in faster 
protection systems. 
3.6 Conclusions 
The proposed optimisation problem integrates economic objectives and 
stability constraints without numerical approximations. When applied to the 
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studied system, the computational burden of the algorithm does not pose a 
problem, with each case solved in approximately one minute on average using a 
medium-cost laptop. The results show that the proposed optimisation algorithm 
adequately calculates the optimal dispatch of the system for different load levels 
in an efficient manner. The application of the proposed algorithm to several 
operation points and fault clearance times serves as an assessment tool for the 
transmission system operator with respect to estimating the cost of assuring the 
transient stability of the system. Furthermore, the model can be used to analyse 
the economic savings provided by a faster protection system. In this case, the 
reduction of the clearance time of some protections (from 300 to 250 ms) 
reduces the operational cost of the system (at medium load) by 8.84 %. 
In the proposed algorithm, the representation of the market and power 
plant dynamic models can be modified and improved without modifying the 
accuracy or efficiency of the method. 
3.7 Appendix 
TABLE 3.2: DYNAMIC PARAMETERS OF 
THE GENERATORS. 
Generator 
X'd 
[p.u.] 
Sb 
[MVA] 
H 
[s] 
D 
[p.u.] 
G1 0.3 600 3.0 2 
G2 0.3 510 3.2 2 
G3 0.25 275 2.0 2 
TABLE 3.3: ECONOMIC DATA. 
Generator 
P 
[€/MWh] 
G1 70.90 
G2 41.11 
G3 105.57 
All of the parameters in the following tables refer to a common 100 MVA 
base and corresponding voltage rating. 
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TABLE 3.4: PARAMETERS OF THE LINES AND TRANSFORMERS. 
Branch 
R 
[p.u.] 
X 
[p.u.] 
B 
[p.u.] 
1-5 0 0.0117 0 
2-8 0 0.0137 0 
3-15 0 0.0255 0 
4-5 0.0022 0.0145 0.0253 
5-6 0.0019 0.0121 0.0211 
5-7 0.0051 0.0330 0.0576 
6-7 0.0042 0.0274 0.0477 
7-8 (1) 0.0025 0.0161 0.0281 
7-8 (2) 0.0025 0.0161 0.0281 
7-9 (1) 0.0024 0.0153 0.0267 
7-9 (2) 0.0024 0.0153 0.0267 
14-15 0.0804 0.1205 0.0451 
10-11 0.0202 0.0421 0.0132 
10-12 0.0826 0.1722 0.0060 
11-12 0.0184 0.0383 0.0120 
12-13 0.0730 0.1521 0.0212 
4-10 0 0.0267 0 
5-11 0 0.0267 0 
6-12 0 0.0267 0 
9-13 0 0.0356 0 
9-14 0 0.0267 0 
TABLE 3.5: LOAD DATA. 
Bus 
P 
[p.u.] 
Q 
[p.u.] 
8 2.5 0.42 
10 1.5 0.25 
11 1.5 0.25 
12 1.5 0.25 
13 1.0 0.17 
15 1.0 0.17 
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TABLE 3.6: LIMITS OF THE VARIABLES. 
Variable 
Lower 
bound 
Upper 
bound 
i - COI -50 50 
 i -0.1 p.u. 0.1 p.u. 
Pg1 0 p.u. 6.00 p.u. 
Pg2 0 p.u. 5.10 p.u. 
Pg3 0 p.u. 2.75 p.u. 
Qg1 -3.2 p.u. 3.2 p.u. 
Qg2 -2.7 p.u. 2.7 p.u. 
Qg3 -1.5 p.u. 1.5 p.u. 
Ei 0.8 p.u. 1.2 p.u. 
i -9999 9999 
Vn 0.95 p.u. 1.05 p.u. 
n -180 180 
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Chapter 4. 
Maximum Loadability of an 
Isolated System Considering 
Steady-State and Dynamic 
Constraints 
Abstract— An optimization model to calculate the maximum loadability 
of a system when subjected to a severe fault is proposed. The model 
simultaneously considers steady-state and dynamic constraints, with the 
dynamics of the generators explicitly included in the formulation. The armature 
current and the field current heating limits of the synchronous generators are 
also taken into account. The model is solved using a conventional solver based 
on the primal-dual interior point algorithm, and tested in a realistic system with 
three generators. The results show that the dynamic constraints can significantly 
affect the maximum loadability of the system. The effect on the solution of the 
maximum allowed rotor angle deviation is studied over a wide range of angle 
limits. Finally, the effect on the loadability of increasing the generation 
capability of certain plants is studied. 
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4.1 Introduction 
The continuous increase in the demand and the difficulty of constructing 
new lines, together with the liberalization of energy markets, has increased 
significantly the stress in power systems. As a result, the determination of the 
maximum possible loadability has become an important issue, and studies using 
optimization algorithms are often executed to determine the maximum loading 
point of a system. 
Frequently the loadability is calculated considering only steady-state 
restrictions such as voltage limits at buses, current limits at lines and 
transformers, and generation limits at power plants [1]-[10]. The strong 
relationship that sometimes arises between voltage stability and loadability is 
also studied in some of these works [3]-[10]. The limits found in these cases can 
be associated with static bifurcation points, such as saddle-node bifurcations (in 
which the state Jacobian matrix of the equilibrium equations becomes singular) 
or with the generation reactive power limits [2], [12]-[14]. In some cases, the 
loading limit can be described as the limit of the voltage stability of the system 
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[4], [15]. In [5]-[8], the maximum loadability limit is calculated using genetic 
and other innovative algorithms, developed to update power flow variables 
considering the power mismatches. In [11] a Chaotic Local Search (CLS) is 
included in the genetic algorithm to overcome possible local optima and reach 
the global optimum. 
Alternatively, the Transient Stability Constrained-Optimal Power Flow 
(TSC-OPF) is an optimization tool that explicitly includes both steady-state and 
dynamic constraints in the formulation, and that has received increasing 
attention over the last years [16]. The TSC-OPF usually includes large numbers 
of equations and variables, resulting from the addition to the conventional 
steady-state equations of the dynamic equations representing the 
electromechanical oscillations at all the discretization points of the time domain 
simulation. Synchronous generators are usually represented in TSC-OPF by the 
classical generator model [17]-[22], consisting of a voltage source of constant 
magnitude behind a transient reactance [23]. Although this model offers a 
limited accuracy in the representation of the electromechanical transients, it is 
frequently used to reduce the computational burden of the model. Some 
approaches handle the size and complexity of the problem by the reduction of 
the multimachine system to a scheme of two machines (a "single-machine 
equivalent" strategy) [17], [24], or the modification of the discretization method 
[25]. Multicontingency cases are also addressed in [18] and [22].  
In [26] and [27], an optimization problem considering the effects of both 
steady-state and dynamic security constraints in the loadability of a system is 
proposed. In this case, the problem is solved using a mathematical programming 
method comprising an iterative scheme of two kernels. The first kernel evaluates 
the security of the operation, and the second one adjusts the generation dispatch. 
The algorithm requires iterative loops to achieve the optimal values. These 
works and the work presented in this paper are similar in that they calculate the 
maximum load considering dynamic constraints, but differ in some important 
aspects. In the present work: a) the solution is obtained using a single 
application of a conventional solver, b) reactive power constraints are applied, 
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and c) the dynamic equations are solved using the trapezoidal rule, which has 
better stability properties than explicit integration methods.  
The restrictions that ensure that the solution is transiently stable usually 
assume the form of a limitation in the rotor angle deviations. A wide range of 
rotor angle limits have been used in previous works [18], [20]-[22], [28]-[31]. 
However, an assessment on the effect of the rotor angle limit on the results, 
which can help the operator to select a suitable value, has not been found in the 
literature. 
The aim of this study is to extend the later developments of the TSC-OPF 
tools to the problem of the maximum loadability. This is done by establishing 
the following objectives: 
To propose an optimization model to calculate the maximum loadability of 
a small system (15 buses, 3 generators) that allows it to retain transient stability 
after a severe fault. For a given fault, the solution must be obtained by the single 
solution of the optimization model, without any further iteration. 
To analyze the effect of the rotor angle deviation limit on the solution of 
the maximum loadability of a system. 
The first objective is accomplished through an optimization model that 
includes the static and the dynamic constraints in a unique formulation, and an 
objective function that accounts for the load. The second objective is studied by 
means of a systematic solution of the optimization model using different rotor 
angle limits, and the discussion of the results. The model is applied to a network 
of 15 buses and 3 generators that represents the power system of two islands in 
the western Mediterranean Sea. The feasibility of the model is shown by the 
variety of the situations analyzed, the good convergence obtained in all the cases 
using a conventional solver and the consistence of the solutions. 
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4.2 Formulation 
4.2.1 Maximum loadability in the optimization model 
The model is based on the following assumptions: 
 After a severe fault, the transient stability of the system can be 
ensured if the rotor angle deviation of each generator with respect to 
the Center of Inertia (COI) does not exceed a certain limit. 
 The dynamics of the synchronous generators are represented using the 
classical model. 
 During the electromechanical oscillations the loads are modeled as 
constant admittances. 
 In the search for the maximum load, all loads increase proportionally 
and the power factor remains constant in each of the loads. 
The model imposes restrictions on the bus voltages, the branch currents, 
the field current, output current and output power of the generators and on the 
rotor angle deviation with respect to the COI during the electromechanical 
oscillations. The dynamic equations are integrated using the trapezoidal rule, 
and the resulting equations are included in the optimization model as equality 
restrictions. 
The objective of the model is to maximize the load scale factor . When  
is one, the load at each bus i is the load at the base case, PDi, QDi; as  increases, 
the active and reactive load at each bus increases to PDi QDi. The load is 
supposed to increase proportionally at every node of the system, although this 
formulation can be easily modified to scale the load only at some selected buses. 
The complete formulation of the model is as follows; the explanation of 
the equations is presented below. 
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and subject to the inequality constraints: 
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The meaning of the equality constraints is: 
 Equations (4.2) to (4.5) represent the balance between input and 
output power in the generation and non-generation buses. The load in 
these equations is directly affected by the load scale factor. 
 Equation (4.6) calculates the current in the branches of the power 
system (lines and transformers). 
 Equation (4.7) calculates the output current of the generators. 
 Equations (4.8) and (4.9) obtain the initial output active and reactive 
power of the generators as a function of the internal voltage, the 
terminal voltage and the transient reactance. 
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 Equation (4.10) sets the initial value of the speed deviation of the 
generators, which is zero. 
 Equations (4.11) and (4.12) represent the application of the 
trapezoidal rule to the swing equation of the generators at each time 
step. Two different time steps have been used in order to reduce the 
number of constraints: t = 0.02 s during the fault and t = 0.05 s 
after the fault. 
 Equation (4.13) calculates the active power output of the generators at 
each time step. This value is computed as a function of the internal 
voltages of the machines and the reduced admittance matrix YRED. The 
matrix YRED is calculated by applying the Kron reduction to the bus 
admittance matrix Y, retaining only the internal nodes of the 
generators [17]-[19]. 
 Equation (4.14) calculates the angle of the COI at each iteration step. 
The meaning of the inequality constraints is: 
 Equations (4.15) and (4.16) represent the limits on the voltages at the 
buses and on the currents through the branches, respectively. 
 Equation (4.17) represents the limit on the field current of the 
generators. The maximum loadability of the system usually 
corresponds to a situation in which the reactive production of the 
power plants is close to the limit. Therefore it is important to model 
the reactive power capability of the generators. Fig. 4.1 shows the 
power plant capability curves [34] used in the optimization model. 
Equation (4.17) corresponds to the field current heating limit in this 
figure. 
 Equations (4.18) and (4.19) represent the bounds due to the active 
power limit and the armature current heating limit in Fig. 4.1. 
 Equation (4.20) represents the maximum allowed rotor angle 
deviation with respect to the COI during the electromechanical 
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oscillations following the disturbance. The COI has been used in 
previous TSC-OPF works  [22], [25], [32], [33], and has the 
advantage of providing a central reference that makes it possible to 
separate the rotor angle deviations due to the electromechanical 
oscillations from the deviation due to the acceleration of the system. 
 Equations (4.21)-(4.25) specify the range of the rest of the variables. 
When the applied fault is a short circuit, the dynamic representation 
includes: a) The pre-fault stage, with all the circuits in service, determining the 
initial conditions of the system; b) The fault stage, in which the voltage at the 
point of the short circuit is zero; and c) The post-fault stage, in which the fault 
has been cleared by the protection systems and the voltage is restored. Equations 
(4.2)-(4.10), (4.15)-(4.19) and (4.23)-(4.25) refer to the pre-fault stage, while 
equations (4.11)-(4.14) and (4.20)-(4.22) refer to the fault and post-fault stages. 
 
Fig. 4.1. Capability limits of the generators. 
4.2.2 Maximum rotor angle deviation 
A special consideration must be given to the selection of the rotor angle 
limits in the optimization model. The state of the system is considered 
acceptable for a given disturbance if the maximum rotor angle deviation during 
the electromechanical oscillations with respect to the COI does not exceed a 
certain value. The selection of the maximum rotor angle deviation results from a 
compromise between accuracy and reliability. On one hand, using a large angle 
(for example, close to 180) makes it possible to maximize the loadability, 
according to the dynamic model used in the study. On the other hand, reducing 
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the maximum angle deviation has the advantage of introducing a security 
margin, which is very convenient because the complexity of the dynamics of the 
system cannot be modeled in detail due to computational constraints. 
As mentioned in Section 4.1, previous works have used different rotor 
angle limits over a wide range although, to the knowledge of the authors, neither 
the effect of the angle limits on the numerical stability nor on the solution has 
been previously addressed. An estimation of the effect of the rotor angle limit on 
the solution can provide valuable information for the selection of this limit. The 
effect is difficult to estimate a priori because, due to the non-linear nature of the 
electromechanical oscillations in power systems, a slight modification of the 
initial operating point can result in major differences in the rotor angle 
oscillations. 
The effect of the rotor angle limits on the solution of the optimization 
problem has been studied in this work by the systematic application of different 
limits over a wide range, from 20º to 180. The sensibility of the loadability to 
the rotor angle limits can then be inferred from the results. 
4.3 Results and discussion 
4.3.1 Case of study 
The proposed optimization model is applied to a model of the power 
system of Majorca and Minorca, two islands in the western Mediterranean Sea. 
Fig. 4.2 shows the one-line diagram of the system, consisting of 15 buses and 3 
generators rated 660 MVA, 560 MVA and 300 MVA. The line between buses 
14 and 15 is a submarine AC cable that connects both islands. The relevant data 
of the case, such as the parameters of the dynamic generators (Table 4.1), the 
parameters of the lines and transformers (Table 4.2), the load data (Table 4.3) 
and the limits of the variables (Table 4.4) can be found in the Appendix. The 
total load is 900 MW in the base case. 
The proposed optimization model requires a relatively large number of 
constraints to represent this case. For a total simulation time of tmax = 3 s and 
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discretization periods of t = 0.02 s and t = 0.05 s (for the fault and post-fault 
periods, respectively) the numbers of variables, equality and inequality 
constraints are 749, 886 and 1,360, respectively. The model is solved on 
MATLAB using a conventional solver based on the primal-dual interior point 
method [35]. The tolerances in the convergence are adjusted to 10-5. The 
solutions are reached in approximately one minute using a medium-cost laptop 
(Processor 1600 MHz, RAM 2GB). 
 
Fig. 4.2. One-line diagram of the case of study. 
4.3.2 Maximum loadability without transient stability constraints 
For comparison purposes, a classical optimization problem without 
transient stability constraints is solved. This is done by eliminating equations 
(10)-(14) and (20)-(22) from the optimization model. A maximum load scale 
factor sta. = 1.48 is obtained, which means that it is theoretically possible to 
assume a linearly distributed increase in the load from 900 MW to 1,335 MW 
considering only steady-state constraints. 
Fig. 4.3 shows the current loading at each generator, line and transformer 
of the system at the maximum load operating point without transient stability 
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constraints. As can be seen, the capability of generators G1 and G2 and the 
submarine line 14-15 are imposing the limit on the loadability. G1 and G2 plants 
reach their maximum capability, while G3 generates only 232 MW because the 
line 14-15 reaches its current limit. 
 
Fig. 4.3. Current load at the point of maximum loadability 
without transient stability constraints. 
4.3.3 Maximum loadability considering transient stability constraints 
In this section the dynamic constraints are applied, using the complete 
formulation proposed in Section 4.2.1. The maximum allowed rotor angle 
deviation during the electromechanical oscillations imposes an additional limit 
on the maximum generation. Three different faults are analyzed: a three-phase 
short circuit close to the main generators (at line 5-7, close to bus 5), a three-
phase short circuit far from the main generators (at transformer 9-13, close to 
bus 13), and the loss of generator G3. 
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4.3.3.1 Three-phase fault close to main generators with maximum rotor angle 
deviation of 50º 
A three-phase fault is applied in the transmission line between buses 5 and 
7, close to bus 5. The fault is cleared by disconnecting the faulty line at both 
ends after 300 ms. From previous studies this is known to be a very severe fault 
in the system, due to its proximity to a major generator and to the weakening of 
the synchronization torque between generators G1 and G2 after the loss of this 
line. 
This section shows in detail the solution obtained with a maximum rotor 
angle deviation of 50 with respect to the COI, which is in the range typically 
used in TSC-OPF. Parameter MAX is set to the value of 50º in equation (4.20). 
The solution of the complete optimization problem results in a maximum load 
scale factor dyn. = 1.20, corresponding to a demand of 1,080 MW. This implies 
a reduction in the maximum loadability of 255 MW, or 19 %, with respect to the 
solution when no dynamic constraints are considered. The maximum possible 
generation of G1 and G3 is reduced to 381 MW and 200 MW respectively. 
In this case, 20 iterations are required by the solver to achieve the 
convergence, with a CPU time of approximately 60 s. The solution of the 
optimization problem makes it possible to represent the trajectories of the rotor 
angles of the three generators in all the discretization points, which are shown in 
Fig. 4.4. It can be seen that the rotor angle of generator G3 reaches the limit 
COI ± 50º during the first oscillation and that the electromechanical oscillations 
are progressively damped. The accuracy of the numerical integration using the 
trapezoidal rule and the proposed time steps has been validated by comparison 
with a conventional 4th order Runge-Kutta algorithm, and it has been verified 
that both methods provide the same results. 
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Fig. 4.4. Rotor angle oscillations and limits. 
4.3.3.2 Three-phase fault close to main generators: effect of the rotor angle limit 
Fig. 4.5 a) shows the results obtained when repeating this process with 
different rotor angle deviation limits MAX from 40 to 80. The dashed line 
represents the maximum load (1,335 MW) obtained using only steady-state 
constraints, as explained in Section 4.3.2. The triangle-marked line represents 
the maximum load obtained using the complete model, for different maximum 
rotor angular deviations in equation (4.20). In each case, the maximum load 
in MW is obtained by multiplying the load factor by the initial demand 
Pd = 900 MW. 
The results show that the loadability of the system is considerably reduced 
when considering the dynamic constraints. The reduction in the loadability is a 
function of the maximum allowed rotor angle deviation. For example, with a 
maximum allowed deviation of 40 the reduction in the loadability is 29 %, and 
with 60 it is 11 %. When the rotor angle limit is above 75 the static 
restrictions, instead of the dynamic ones, impose the maximum load. The solver 
provides good convergence in all the studied range. 
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Fig. 4.5. Maximum load and generation dispatch 
as a function of the rotor angle limit. 
The decrease in the maximum load when the rotor angle limit is reduced 
can be seen as the price that the operator must pay, in terms of maximum 
acceptable load, to obtain a larger security margin. This decrease is 
approximately linear in the studied range, up to a rotor angle limit of 75. 
Fig. 4.5 a) shows also the generation profile for different angle limits. It 
can be seen that generator G1 (lower area) significantly reduces its output power 
for small maximum rotor angle deviations. This can be explained because the 
fault is applied close to generator G1, and therefore reducing the output power in 
this generator is the most effective way to reduce the electromechanical 
oscillations. 
Fig. 4.6 a) shows the voltages at the generation and load buses. It can be 
seen that, to enlarge the loadability of the system when the maximum allowed 
rotor angle deviation is larger than 55º, the voltages are increased in all the 
buses. This allows a reduction in the losses, and therefore a maximum use of the 
capability of the power plants. When the maximum allowed rotor angle 
deviation is larger than 80º, all the voltages in the generation buses reach the 
maximum operational limit, 1.05 p.u. 
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Fig. 4.6. Voltages as a function of the rotor angle limit. 
4.3.3.3 Three-phase fault at a transformer located far from main generators 
A second fault, applied far from the main generators, is analyzed.  This 
fault consists on a three-phase short circuit at bus 9, cleared after 300 ms by the 
disconnection of the transformer 9-13. Fig. 4.5 b) shows the relationship 
between the angular deviation limit during the electromechanical transients and 
the maximum loadability. The comparison of Fig. 4.5 a) and Fig. 4.5 b) shows 
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that this fault is less restrictive, which can be explained because it is located far 
from the generators and results in smaller rotor angle oscillations. 
Fig. 4.5 b) shows that in this case it is generator G2 that reduces its output 
power for small rotor angle deviations. The reason is that generator G2 is closer 
to the fault, and therefore reducing its power is the most effective way to reduce 
electromechanical oscillations. 
4.3.3.4 Loss of generation 
In order to validate the performance of the model a third fault is evaluated, 
consisting of the loss of generator G3. While the solver provides a satisfactory 
solution, it has been observed that the transient stability constraints do not 
impose any further restriction on the solution. The reason is that the loss of 
generator G3 does not result in large electromechanical oscillations between the 
remaining generators G1 and G2. 
4.3.4 Effect of installing new generation 
In this section, the rated power of the generating plants G1 and G2 is 
enlarged to calculate the effect of installing new generation on the maximum 
load. This study can help to determine the most effective bus to increase the 
generation, taking into account both steady-state and dynamic constraints. When 
increasing each generator, the parameters of the generator model and the 
corresponding evacuation transformers and lines are scaled according to the 
increase in the rated power. The enlargement of the plant G3 is not studied here, 
because the submarine cable linking buses 14 and 15 does not allow a 
significant increase in the production of G3. The applied fault is a short circuit at 
bus 5 cleared after 300 ms, as in Section 4.3.3.2, because it is the most severe 
fault here studied. 
4.3.4.1 Enlargement of generator G1 
As in the Section 4.3.2, the maximum loadability without transient 
stability constraints is calculated for comparison purposes. When increasing the 
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rated power of G1 to 1,980 MVA and 1,800 MW, the maximum static 
loadability is sta. = 2.73 (2,457 MW). In this case, G1 is producing 1,756 MW, 
below the new maximum capacity. Fig. 4.7 shows the distribution of the voltage 
at the grid at the point of maximum static loadability in this case, while Fig. 4.8 
shows the voltage profile. It can be seen from these figures that the loadability 
of the system is limited by the voltage constraints: the voltage at generation 
buses 1, 2 and 3 are at the maximum level (1.05 p.u.) while the voltage at bus 10 
is at the minimum (0.95 p.u.). 
 
Fig. 4.7. Voltage distribution with extra generation at G1 
and without dynamic constraints. 
 
Fig. 4.8. Voltage profile with extra generation at G1 and 
without dynamic constraints. 
When the dynamic constraints are considered, the maximum load of the 
system is reduced depending on the value of the maximum rotor angle deviation, 
as shown in Fig. 4.5 c). Due to the electrical proximity of generator G1 to the 
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fault, the dynamic constraints limit the maximum loadability up to a rotor angle 
limit of 140. 
In this case a strong non linearity appears in the relationship between the 
rotor angle limit and the loadability. The loadability curve in Fig. 4.5 c) can be 
explained as follows: a decrease in the rotor angle limit from 160 to 75 results 
in a larger security margin without a major loss in system loadability; a further 
decrease below 75 increases the security margin but at the cost of a major 
reduction in loadability; below 40º the decrease in the loadability is even 
steeper. 
Fig. 4.6 b) shows the voltages at the generation and load buses. To 
increase the loadability, the solution of the optimization model maintains the 
voltage at bus 1 at its upper limit. When the rotor angle limit is lower than 100º, 
the voltages V2 and V3 at the generation buses remain inside the allowed area. 
When the rotor angle limit is larger than 100º, the voltages rapidly go to the 
limits. This result confirms that when large rotor variations are allowed 
(reducing the security margin), the system reaches the maximum loadability due 
to steady-state constraints. 
4.3.4.2 Enlargement of generator G2 
The maximum static loadability provided by the optimization algorithm 
when enlarging G2 capacity to 2,040 MW and 2,244 MVA is sta. = 2.56 
(2,304 MW). The voltage restrictions are responsible again for the maximum 
loadability, and the maximum generation of G2 in this situation is 1,679 MW. 
Fig. 4.5 d) shows the maximum loadability when the dynamic constraints 
are considered. It can be seen that the effect of the dynamic constraints is not as 
important as in the previous case, because the generator G2 is not so close to the 
fault. Only for rotor angle deviation limits smaller than 60, the transient 
stability requirements impose a limitation on the loadability. However, it must 
be noted that this value is larger than the rotor angle limit used in many dynamic 
studies. 
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4.4 Conclusions 
A method to obtain the maximum loadability of a system, taking into 
account both steady-state and transient stability constraints, is proposed. The 
optimization problem is formulated as a compact set of equations that include 
the steady-state and dynamic analyses of the fault, and the solution is obtained 
using a conventional solver. The method is applied to a system with 15 buses 
and 3 generators. The viability of the model is proved by the variety of the cases 
to which it is applied and the variety of the restrictions that impose a limit on the 
solution. Throughout the study, and depending on the case, the most 
constraining limits are: 
 The capability of the generators, as shown in generators G1 and G2 
in Fig. 4.3. 
 The maximum current through a line, as shown in line 14-15 
in Fig. 4.3. 
 The voltage limits, as shown in Fig. 4.6 b), Fig. 4.7 and Fig. 4.8. 
 The transient stability constraints, as shown in Fig. 4.4. 
Good convergence is obtained in all the cases. 
The effect of the transient stability constraints on the maximum loadability 
is quantified by comparing the results with those calculated with a classical 
optimization problem with only steady-state constraints. Fig. 4.5 shows that in 
many cases the transient stability constraints significantly reduce the loadability 
margins. This proves that it is necessary to include the dynamic constraints in 
the optimization model to achieve transiently stable solutions. 
The effect of the rotor angle deviation limit on the maximum loadability is 
evaluated by performing the analysis over a wide range of angle limits, as 
shown in Fig. 4.5. This analysis provides a useful resource to assist in the 
selection of the maximum angle limit for the operation. While the studied cases 
do not allow the inferring of a general principle, a strong non-linearity has been 
found in the range between 20 and 120. Fig. 4.5 c) suggests that a security 
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margin can be obtained by decreasing the rotor angle deviation limit from 120 
to 75, without affecting largely to the loadability. However, further decreases in 
the rotor angle limit result in large reductions in the admissible load. 
The small size of the studied system allows to retain the dynamics of the 
different plants without resorting to the aggregation of generators. Although the 
computational burden of the TSC-OPF remains always a limitation in its full 
development, from a strictly mathematical point of view the proposed 
formulation can be extended to larger power systems. The relatively short time 
taken by the optimization algorithm and the good convergence in all the cases, 
suggest that the model could probably be applied to larger systems. 
4.5 Nomenclature 
Name Variable Units 
iE  Internal voltage of the i
th generator p.u. 
mnI  Current between buses m and n p.u. 
GiI  Output current of the i
th generator p.u. 
t
EiP  Active power output of the i
th generator at time step t p.u. 
GiP  Active power generation at bus i p.u. 
GiQ  Reactive power generation at bus i p.u. 
iV  Voltage magnitude at bus i p.u. 
t
i  
Angular deviation of the ith generator at time step t rad. 
t
COI  Angle of the center of inertia at time step t rad. 
i  Voltage angle at bus i rad. 
  Load scale factor - 
t
i  
Frequency deviation of the ith generator at time step t p.u. 
   
Name Parameter Units 
iD  Damping coefficient of the i
th generator p.u. 
iH  Inertia constant of the i
th generator s 
DiP  Active power demand at bus i p.u. 
DiQ  Reactive power demand at bus i p.u. 
t  Time step s 
Dix  Transient reactance of the i
th generator p.u. 
BmnY  Branch admittance between buses m and n p.u. 
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inY  Magnitude of the element (i,n) of the bus admittance matrix p.u. 
REDijY  Magnitude of the element (i,j) of the reduced admittance matrix p.u. 
in  Phase of the element (i,n) of the bus admittance matrix rad. 
REDij  
Phase of the element (i,j) of the reduced admittance matrix rad. 
0  Frequency reference rad./s 
4.6 Appendix 
TABLE 4.1: DYNAMIC PARAMETERS OF THE GENERATORS. 
Generator 
X'd 
[p.u.] 
Sb 
[MVA] 
H 
[s] 
D 
[p.u.] 
Technology 
G1 0.3 660 3.0 2 Combined cycle 
G2 0.3 560 3.2 2 Coal 
G3 0.25 300 2.0 2 Gas 
All parameters in the following tables are referred to a common 100 MVA 
base and to the corresponding voltage rating. 
TABLE 4.2: PARAMETERS OF LINES AND TRANSFORMERS. 
Branch 
R 
[p.u.] 
X 
[p.u.] 
B 
[p.u.] 
Imax 
[p.u.] 
1-5 0 0.0117 0 10.0 
2-8 0 0.0137 0 10.0 
3-15 0 0.0255 0 5.0 
4-5 0.0022 0.0145 0.0253 2.5 
5-6 0.0019 0.0121 0.0211 2.5 
5-7 0.0051 0.0330 0.0576 1.0 
6-7 0.0042 0.0274 0.0477 1.0 
7-8 (1) 0.0025 0.0161 0.0281 1.0 
7-8 (2) 0.0025 0.0161 0.0281 1.0 
7-9 (1) 0.0024 0.0153 0.0267 1.0 
7-9 (2) 0.0024 0.0153 0.0267 1.0 
14-15 0.0804 0.1205 0.0451 0.8 
10-11 0.0202 0.0421 0.0132 0.5 
10-12 0.0826 0.1722 0.0060 0.5 
11-12 0.0184 0.0383 0.0120 0.5 
12-13 0.0730 0.1521 0.0212 0.5 
4-10 0 0.0267 0 3 
5-11 0 0.0267 0 3 
6-12 0 0.0267 0 3 
9-13 0 0.0356 0 3 
9-14 0 0.0267 0 1.5 
TABLE 4.3: LOAD DATA. 
Bus 
P 
[p.u.] 
Q 
[p.u.] 
8 2.5 0.42 
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10 1.5 0.25 
11 1.5 0.25 
12 1.5 0.25 
13 1.0 0.17 
15 1.0 0.17 
TABLE 4.4: LIMITS OF VARIABLES. 
Variable Lower bunder Upper bunder 
i -0.1 p.u. 0.1 p.u. 
1GP  0 6.00 p.u. 
2GP  0 5.10 p.u. 
2GP  0 2.75 p.u. 
1GI  - 6.6 p.u. 6.6 p.u. 
2GI  - 5.6 p.u. 5.6 p.u. 
3GI  - 3.0 p.u. 3.0 p.u. 
iE  0.8 p.u. 1.2 p.u. 
0
i   rad.  rad. 
t
i  -999 rad. 999 rad. 
nV  0.95 p.u. 1.05 p.u. 
; 1n n    rad.  rad. 
1  0 0 
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Chapter 5. 
Advanced Application of Transient 
Stability Constrained-Optimal 
Power Flow to a Transmission 
System Including an 
HVDC-LCC Link 
Abstract— In this paper, a Transient Stability Constrained-Optimal Power 
Flow (TSC-OPF) model is proposed and applied to a realistic case in the 
currently interconnected Balearic Islands-Iberian Peninsula system. The TSC-
OPF retains the dynamics of all generators in the islands with 4th degree 
transient synchronous generator models and includes a representation of a High 
Voltage Direct Current (HVDC) link on the inverter side. The proposed model is 
used to assess the economic impact of the HVDC on the Balearic Islands 
generation cost under different circumstances, using TSC-OPF and traditional 
OPF on the dispatch. Different recovery patterns of the HVDC link after a 
severe fault in the transmission grid are evaluated from the viewpoint of the cost 
and stability of power generation. 
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5.1 Introduction 
Transient Stability Constrained-Optimal Power Flow (TSC-OPF) 
techniques include an economic objective and static and dynamic constraints in 
the same optimization problem [1]-[3]. Therefore, TSC-OPF is an adequate tool 
for creating a transparent mechanism for calculating optimal economic operation 
when the system is restricted by steady-state and stability constraints. 
During the past decade, TSC-OPF techniques have received increasing 
attention, with clearly differentiated approaches for representing and assessing 
the problem of transient stability [1], [4]. In the traditional TSC-OPF methods, 
transient stability constraints are formulated as rotor angle swing equations [1], 
[5]-[12]. The differential equations used in the dynamic models of synchronous 
machines are converted to algebraic form, using implicit numerical integration 
methods, such as the trapezoidal rule, and are included in the optimization 
model [5]. This technique increases the dimensions of the problem because it 
introduces large numbers of variables and equations that grow with the number 
of integration steps. Previously, most studies have focused on reducing the size 
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of the problem and improving the computational efficiency. For example, the 
authors of [6] proposed a method based on functional transformation techniques 
and converted an infinite-dimensional into a finite-dimensional optimization 
problem. In [7] and [8], a modified formulation using the reduced admittance 
matrix to represent the electric power in the swing equation was used, which 
considerably reduced the equality constraints. These studies allowed [7] to 
implement multi-contingencies studies. In [9], steady-state and dynamic 
behaviors were separately analyzed using different solvers. In [10], the authors 
propose a penalty-based approach in which the adjoint equation method is 
applied to evaluate the gradient of the penalty term associated with the stability 
constraints, improving the method proposed in [6]. In [11], a method for 
calculating the Jacobian and Hessian matrices is introduced to reduce the 
massive calculation of these matrices when functional transformation techniques 
are used. In [12], considering the truncation error of specific numerical 
integration algorithms, the differential equations are discretized as inequality 
constraints rather than equality constraints, to improve the computational 
efficiency. All previous studies use the classical dynamic model to represent the 
generators because it only requires two differential equations for each power 
plant. This approach reduces the computational burden of the problem at the 
cost of neglecting electromagnetic transients in the rotor that have an impact on 
transient stability [13]. 
Other approaches are based on direct methods (Lyapunov functions; equal 
area criterion, etc.), as in [2], [14]-[18]. In these studies, generators are classified 
as critical or non-critical machines and the Single-Machine Equivalent (SIME) 
method is generally used to obtain the most simplified equivalent system. The 
angle trajectory on a one-machine vs. infinity-bus equivalent (OMIB) is used to 
obtain information about the transient stability margins. Direct methods require 
less computational effort but can introduce non-negligible errors due to the 
highly nonlinear nature of the problem [1]. 
This paper follows a traditional approach, in which the dynamics of all 
power plants in the system are retained and the TSC-OPF model is solved as a 
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whole. The proposed TSC-OPF model is applied to the Balearic Islands power 
system in Spain. This system covers three islands that are interconnected by 
submarine AC cables and was recently (2013) connected to the mainland by a 
High-Voltage Direct Current link with Line-Commutated Converters (HVDC-
LCC). This link has an important impact on the economic dispatch, because the 
cost of energy is lower on the mainland than on the islands. In addition, this link 
affects other critical technical aspects, such as transient stability. Particularly, 
the strategy for recovering the HVDC link after a severe fault in the islands 
transmission grid significantly affects the stability of the system. The TSC-OPF 
model proposed in this paper is used to analyze several alternatives to recover 
the HVDC link after a fault based on the viewpoint of economic dispatch and 
transient stability. 
Section 5.2 describes two novel features of the proposed TSC-OPF model. 
First, an HVDC-LCC link is included, modeled as a power injection and that can 
represent different recovery strategies after a fault. Second, the implementation 
of the transient synchronous two-axes generator model improves the accuracy of 
the simulation by representing the electromagnetic transients in the stator. 
Section 5.3 details the mathematical formulation of the proposed TSC-OPF, 
Section 5.4 describes the Balearic power system and Section 5.5 shows the 
results obtained from the solution of the proposed model. Finally, the 
conclusions are presented in Section 5.6. 
5.2 System representation 
The TSC-OPF model contains two different parts [1]. The first part 
corresponds with pre-fault steady-state conditions and includes all conventional 
OPF constraints, including power flow equations, the capability limits of 
generators and voltage, current limits throughout the grid, and equality 
constraints for determining the initial conditions of the dynamic variables. The 
second part corresponds with the transient stage and includes equality 
constraints (to represent the dynamic equations of the generators at the fault and 
post-fault stages) and inequality constraints (to represent the stability condition). 
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Transient equations are formulated by using a reduced admittance matrix, which 
is obtained by applying the Kron reduction to the original nodal admittance 
matrix [19]. The reduced admittance matrix usually only retains the internal 
nodes of the generators. In addition to the generator buses, the Point of Common 
Coupling (PCC) of the HVDC is also retained in the present formulation. Next 
subsections explain two novel features included in the proposed TSC-OPF 
model, the HVDC link and the synchronous generator two-axes transient model. 
5.2.1 HVDC-LCC model for TSC-OPF 
HVDC transmission can be based on two alternative technologies: Line 
Commutated Converter (LCC) that uses thyristors, and Voltage Source 
Converter (VSC) that uses Insulated Gate Bipolar Transistors (IGBT). VSCs do 
not require an external voltage source for its operation and its reactive power 
control is independent of the active power control. Generally, HVDC-LCC is 
used for high power applications of up to 6300 MW. This technology requires 
an external source to provide commutation voltage and to allow the converters 
to work properly [20]. The HVDC link between the continent and the Balearic 
Islands is a 2x200 MW double link with  250 kV transmission cables based on 
LCC technology. Its length is 244 km with a maximum depth of 1,485 m below 
sea level, and it is operated under normal conditions at a maximum power of 
310 MW. During normal operations, the rectifier side of the HVDC functions in 
current control mode and the inverter side functions in voltage control mode, 
resulting in constant power injection at the HVDC output bus [13]. For example, 
if the voltage decreases slightly in the output bus, the current from the HVDC 
increases to maintain a constant power. However, the current increase cannot 
exceed 10 to 20 % of the rated current [13], [21]. 
When a three-phase fault occurs near the inverter side in the AC system, 
the voltage decreases more or less depending on the location and the severity of 
the disturbance. The Voltage Dependent Current Order Limit (VDCOL) 
function plays an important role during voltage dips because it imposes a limit 
on the maximum current when the AC voltage drops below a predetermined 
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value. Fig. 5.1 (a) shows a typical VDCOL function, such as the one 
implemented in the studied case [13]. The minimum voltage, Vmin, is the limit 
under which the HVDC disconnects, and the maximum voltage, Vmax, is the 
limit above which the HVDC can operate without restrictions on the current. 
 
Fig. 5.1. Dynamic behaviour of the HVDC facing disturbances. 
Transient stability studies consider worst-case scenarios in which the most 
severe disturbances are analyzed. Preliminary simulations of the relatively small 
power system considered in this paper and described in Section 5.4, indicated 
that a 3-phase short circuit at the transmission level near the HVDC inverter side 
always results in a voltage dip under Vmin that triggers the disconnection of the 
HVDC. In addition, once the fault is cleared, the voltage at the PCC of the 
HVDC recovers to a level greater than Vmax. Fig. 5.2 shows an example of the 
voltage at the PCC of the HVDC during and after a short-circuit in the 
transmission network. 
 
Fig. 5.2. Voltage profile in the connection bus of the HVDC link. 
Fig. 5.1 (b) shows a typical curve of the active power provided by the 
HVDC link during and after a severe voltage drop at the PCC. When the fault 
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occurs at time t = 0, the voltage decreases to below Vmin and the output power 
from the HVDC is decreased to zero. After the fault is cleared at t = tcf, a delay 
time of tdelay is applied to allow the voltage to stabilize. At t = tir = tcf + tdelay, the 
HVDC begins operating again and the power control gradually increases the 
power set point during a time tramp, until the pre-fault value is reached at t = ter. 
Mathematically, this model is written as follows: 
 
 0
 
 0
 0
at 0
0 at 0
( ) / at
at
h
h
h
h
HVDC
irt
HVDC
HVDC ir ramp ir er
HVDC er
P t
t t
P
P t t t t t t
P t t
 

 
 
  
 
 (5.1) 
where the power at t = 0 is calculated using steady-state and dynamic 
initial equations in the pre-fault stage. 
The HVDC-LCC link always demands reactive power during its 
operation. In the present case, the reactive power demanded by the HVDC-LCC 
is assumed to be 50 % of the injected active power. The values of tdelay and tramp 
are important because a fast recovery of the HVDC-LCC after a short-circuit 
can imply that a weak AC system (such as the one studied in this paper) could 
have problems in providing sufficient reactive power at the rate required by the 
HVDC. The time for a HVDC system to recover to 90 % of its pre-fault power 
is typically between 100 and 500 ms, depending on the DC and AC system 
characteristics and the control strategy used [22]. Different values of tdelay and 
tramp, including tramp = 0 (i.e., a step recovery), are evaluated in Section 5.5 to 
analyze their impact on operation costs. 
The response of the control of an HVDC system to a fault in the AC 
network is very fast, compared with the time frame of electromechanical 
oscillations between synchronous generators. This difference in the speed of 
response makes it possible to neglect the dynamics of the controls of HVDC 
links in transient stability studies and to model the HVDC link as a power 
injection. Consequently, the following equations represent the active and 
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reactive power injected by a HVDC-LCC link connected at bus h during the 
transient stage: 
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 (5.2) 
Where v vV   is the voltage at the connection bus of the v
th HVDC link, 
and djE  , qjE   and j are the d and q components and the angle of the internal 
voltage of the jth generator. hj hjY   is the (h, j) element of the reduced 
admittance matrix that only retains the connection buses of the HVDC links and 
the internal nodes of the synchronous generators. 
5.2.2 Transient model of the synchronous generator for TSC-OPF 
Due to the heavy computational effort required to solve the TSC-OPF 
model, previous studies retained the dynamics of all power plants by using the 
classical model to represent synchronous generators [5], [7]. To improve the 
accuracy of this study, it is used the 4th order synchronous generator transient 
model, which makes it possible to represent the electromagnetic transients in the 
generator rotor. These transients affect the electromagnetic torque of the 
machines, and the transient stability of the system. The well-known electrical 
equations of the transient model are [13], [19]: 
    0/di di qi qi qi q idE dt E x x I T        (5.3) 
    0/qi qi di di di fdi d idE dt E x x I E T       
 
(5.4) 
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(5.5) 
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where Vdi = Vi sin(i  i), Vqi = Vi cos(i  i), Idi = IGi sin(i  i  i), 
Iqi = IGi cos(i  i  i). 
The mechanical equations are: 
   / (2 )i mi ei i i id dt P P D H       (5.6) 
 0i id dt     (5.7) 
 ei di di qi qiP E I E I    (5.8) 
The trapezoidal rule is used to discretize differential equations (5.3)-(5.4) 
and (5.6)-(5.7) and the resulting equations are included in the optimization 
model (as shown in Section 5.3). 
All machine electrical variables are referred to a dq reference frame fixed 
to the rotor of the generator. Because grid electrical variables are referred to in a 
common synchronous rotating αβ reference frame, an additional dq-αβ rotation 
is required at each machine to calculate the voltage or current within the grid. To 
reduce the number of constraints in the optimization model, electrical variables 
at the grid are eliminated and the current Idi + jIqi, is calculated as a function of 
the internal voltages [19]: 
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(5.9) 
5.3 Mathematical formulation 
This section provides the complete set of equations that constitute the 
proposed TSC-OPF model, to facilitate the replication of the results. The 
proposed model is programmed on GAMS [23] and solved using the CONOPT 
tool, which is a solver for large-scale nonlinear optimization [24]. Because the 
Balearic Power System is not currently operated as a liberalized market, the 
objective function includes the production costs of the power plants. In this 
application, the cost is computed as a linear function of power plants production. 
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The cost of the power injected from the HVDC link depends on the Iberian 
market. A linear representation of the prices in the Iberian day-ahead market is 
included in the simulations obtained from data provided by the Iberian Market 
Operator [25]. From the economic viewpoint, the HVDC injection is dispatched 
as any other conventional producer on the Islands. The complete mathematical 
formulation of the considered TSC-OPF model is: 
   0  0Min.   ( , )
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         , ; , ; ; , ;h v i j l m n t          . 
The meaning of the constraints is described below. 
 Equations (5.11) and (5.12) represent the active and reactive power 
balances in the generation, non-generation and HVDC buses. Bus 1 is 
the slack bus, with a fixed angle of 1 = 0. 
 Equations (5.13) and (5.14) are used to calculate the currents through 
the branches of the system and in the generators, respectively. 
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 Equations (5.15) to (5.18) initialize the transient-state variables of the 
generators 0 0 0 0 0 0 0( , , , , , , )di qi i i ei di qiE E P I I    . 
 Equations (5.19) and (5.20) result from the application of the 
trapezoidal rule to the transient stability model of the generators at each 
time step. The time step used during the fault and post-fault periods is 
Δt = 0.02 s. 
 Equation (5.21) calculates the active power output of each generator at 
each time step as a function of the current and internal voltage. 
 Equations (5.22) to (5.24) represent the HVDC link during the transient 
stage. Equations (5.22) are used to calculate the power inputs/outputs 
from the HVDC. In (5.23), the reactive power absorption of the 
HVDC-LCC link is 50 % of the active power injection. The active 
power injection is calculated in (5.24), according to (5.1). 
 Equations (5.25) are used to calculate the synchronous generator output 
currents. These equations are a generalization of (5.9) and include the 
HVDC link. The values of these currents are computed as a function of 
the internal voltages of the machines, the voltage at the PCC of the 
HVDC link and the reduced admittance matrix. 
 Equation (5.26) is used to calculate the angle of the Centre of Inertia 
(COI) at each time step and Equation (5.27) represents the transient 
stability criterion [8], [12], [26], [27]. The COI provides a reference, 
making it possible to separate the rotor angle deviations due to the 
electromechanical oscillations from the deviations that result from the 
acceleration of the system. Therefore, the system is considered fully 
stable when the separations between any one of the generator angles 
and the COI remain enclosed in a range. 
 Equations (5.28) represent the limits of the bus voltages and branch 
currents. 
 Equations (5.29)-(5.31) represent the limits imposed on the variables. 
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Equations (5.29) represents the capability limits of the generators, 
Equations (5.30) represents the limits on speed deviations and rotor 
angles and Equation (5.31) represents the range of variation of the 
remaining variables of the generators. 
5.4 Studied case 
The optimization problem is applied to the power system of Balearic 
Islands, in the western Mediterranean Sea near the eastern coast of the Iberian 
Peninsula. Fig. 5.3 shows a simplified map of the power system, including the 
main power plants, the 220 and 132 kV grids, the HVDC submarine cable 
linking the Iberian Peninsula and Majorca, and the AC submarine cables 
between the islands. A new AC submarine cable is being constructed between 
Majorca and Ibiza Islands and is scheduled to being operating in 2015. In the 
present case, this cable is also represented using design specifications. 
 
Fig. 5.3. Map of the power system of Balearic Islands. 
Fig. 5.4 shows the one-line diagram of the system, which contains five 
power plants. Here G1 and G2 are combined cycle power plants with 660 MVA 
(600 MW) and 520 MVA (470 MW) respectively, G3 is a 560 MVA (510 MW) 
coal-fired power plant, and G4 and G5 are 300 MVA (275 MW) and 385 MVA 
(350 MW) gas turbine plants, respectively. Bus 6 is the PCC of the submarine 
HVDC-LCC link connecting the Peninsular and the Balearic power systems. 
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This bipolar link has a rated power of 400 MW with an operating power 
of 310 MW. 
 
Fig. 5.4. One-line diagram of the studied case. 
The AC transmission grid contains three voltage levels: 220, 132 and 
66 kV. The HVDC-LCC link is connected to the AC 220 kV level at bus 6. The 
66 kV grid has been included in the model because it is a meshed network that 
provides alternative routes between the 220 kV buses and affects the power 
flows during the electromechanical transients after the fault. 
The Appendix provides detailed data regarding the dynamic parameters of 
the generators (Table 5.4), the generation prices (Table 5.5), the parameters of 
the lines and transformers (Table 5.6), the loads (Table 5.7) and the limits of 
operation (Table 5.8). 
The effect of a three-phase fault to ground in the line between buses 7 and 
10 and near to bus 10 is analyzed. The fault is cleared after tcf = 300 ms by 
disconnecting the faulty line at both ends. Previous simulations show that this is 
the most critical disturbance regarding transient stability because it is located 
near to generator G3. Generator G3 is one of the largest generators in the system 
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and is generally highly dispatched because it is less expensive than other 
generators. 
5.5 Results and discussion 
For comparison purposes, Table 5.1 shows the generation costs for the 
studied case from a conventional OPF (only equations (5.10)-(5.14) and (5.28)-
(5.29) of the model) and from the TSC-OPF (equations (5.10)-(5.31)) when the 
HVDC link is in operation and when it is not in operation (PHVDC = QHVDC = 0). 
The off-peak load is assumed to be 50 % of the peak load. As shown in the first 
two columns, when the transient stability is not accounted for, the inclusion of 
the HVDC link reduces the cost for the peak and off-peak cases by 7.14 % and 
12.72 %, respectively. The savings provided by the interconnection are higher at 
peak load (626.40 – 581.70 = 44.70 M.U.) than at off-peak load (233.85 –
 204.10 = 29.75 M.U.), because at peak load the insular generation displaced by 
the continental market through the HVDC link is more expensive. 
TABLE 5.1: COMPARISON OF GENERATION COST WITH AND WITHOUT HVDC, 
IN MONETARY UNITS [M.U.]. 
 
OPF - no HVDC OPF with HVDC Increase TSC-OPF - no HVDC Increase 
 
[M.U.] [M.U.] [%] [M.U.] [%] 
Peak  626.40 581.70 -7.14 716.30 14.35 
Off-Peak 233.85 204.10 -12.72 360.28 54.06 
By comparing the first and fourth columns in Table 5.1, it can be observed 
that including the transient stability constraints results in generation costs 
increases of 14.35 % and 54.06 % for peak and off-peak load scenarios, 
respectively. The greater cost for providing a stable dispatch results from 
transferring the power generation from G3 to more expensive power plants 
within the insular system. 
5.5.1 TSC-OPF with the HVDC link in operation 
When the HVDC link is in operation, the stability of the system is affected 
by its recovery strategy after the fault. In order to provide examples of the 
solution of the TSC-OPF, this section shows the results with two extreme cases 
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(as shown un Fig. 5.1 (b)) a fast recovery (tdelay = 0 ms, tramp = 0 s) and a slow 
recovery (tdelay = 300 ms, tramp = 1.5 s). In all of the cases studied in this paper, it 
is used a simulation time of tmax. = 4.0 s, a time step of Δt = 0.02 s and the 
maximum deviation of the rotor angles with respect to the COI is set at 60. 
Each solution is obtained within approximately 110 seconds, by using a 
conventional computer with a 3.4 GHz processor and 4 GB RAM. 
Fig. 5.5 shows the rotor angles of the generators provided by the optimal 
TSC-OPF solution when the system is at peak load and with a fast reconnection 
of the HVDC link after the fault (tdelay = 0 ms, tramp = 0 s). The upper and lower 
limits represent the stability margin of 60 with respect to the COI. The largest 
deviation occurs at approximately t = 400 ms, when generator G3 reaches the 
angle limit. 
 
Fig. 5.5. Rotor angular deviation with a fast recovery 
strategy on the HVDC link. 
 
Fig. 5.6. Active power output with a fast recovery 
strategy on the HVDC link. 
Fig. 5.6 shows the active power output from the generators and the HVDC 
link in the same case and shows that the maximum oscillation corresponds to 
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G3. The damping effect of the electromagnetic transients in the rotor 
progressively reduces the amplitudes of the deviations in the post-fault stage. 
Fig. 5.7 and Fig. 5.8 show the same variables when a slow reconnection of 
the HVDC link is applied (tdelay = 300 ms, tramp = 1.5 s). Again, the optimal 
solution occurs when generator G3 reaches the angle limit at approximately 
t = 400 ms. The speed gained by the system after the fault is lower due to the 
slow recovery of the HVDC link, which is observed when comparing the final 
values of the COI in Fig. 5.5 and Fig. 5.7. The recovery pattern of the HVDC 
following a ramp is shown in Fig. 5.8 , and can be compared to the fast recovery 
of the HVDC shown in Fig. 5.6. 
 
Fig. 5.7. Rotor angular deviation with a slow recovery 
strategy on the HVDC link. 
 
Fig. 5.8. Active power output with a slow recovery 
strategy on the HVDC link. 
5.5.2 Effect of the strategy of recovery of the HVDC on the cost of generation 
To determine the most economic option, the proposed TSC-OPF was 
systematically applied to different power recovery patterns of the HVDC link. 
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Several values were assigned to parameters tdelay and tramp in the peak and off-
peak load scenarios. 
Table 5.2 shows the results obtained at peak load for the following 
extreme values: tdelay = 0 or 300 ms and tramp = 0 or 1.5 s. Columns PG1 to PG5 
show the generation assigned to each power plant, column PHVDC shows the 
optimal power transmission assigned to the HVDC link, and the Cost column 
shows the total generation cost in Monetary Units. The last column shows the 
increasing cost of the corresponding TSC-OPF over the cost of the traditional 
OPF, which can be considered as the cost of ensuring transient stability when 
the HVDC link is in operation. 
TABLE 5.2: COMPARISON OF GENERATION DISPATCHES AT PEAK LOAD. 
 
tdelay tramp PG1 PG2 PG3 PG4 PG5 PHVDC Cost Increase 
 
[ms] [s] [MW] [MW] [MW] [MW] [MW] [MW] [M.U.] [%] 
OPF --- --- 296 0 510 0 0 310 581.70 --- 
TSC-
OPF 
0 0 248 96 350 45 61 310 679.24 16.77 
300 0 291 74 347 40 48 310 669.97 15.17 
0 1.5 289 76 348 39 49 310 670.04 15.19 
300 1.5 292 74 348 38 48 310 669.42 15.08 
Table 5.2 shows that the HVDC link is injecting power at its maximum 
capacity of 310 MW in all five cases. However, to ensure transient stability, 
generation is transferred from G1 and G3 to G2, G4 and G5, which are more 
expensive power plants. Considering the most economical solution in Table 5.2, 
(last row, which is a cost of 669.42 M.U.) and comparing it with the values in 
Table 5.1, it can be seen that the cost of ensuring transient stability without 
HVDC (716.30 – 626.40 = 89.90 M.U.) is very similar to the case with HVDC 
(669.42 – 581.70 = 87.72 M.U.). This can be interpreted by saying that the 
HVDC link only very slightly enhances transient stability in the peak scenario. 
Fig. 5.9 shows the increment in cost of the TSC-OPF relative to the OPF 
at peak load for several tdelay and tramp values, including intermediate values 
relative to those shown in Table 5.2. In this case, the cost increases when the 
HVDC link recovers its pre-fault operation point soon after fault clearance. 
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convergence problems have been observed in the solution of the proposed 
model. 
A practical application of the proposed model is analyzed through the 
study, showing the economic implications of connecting the HVDC-LCC link to 
an isolated cost-dispatched system. The proposed TSC-OPF model makes it 
possible to include transient stability constraints in the economic dispatch. It is 
shown that the stability constraints can increase the generation cost in the 
studied system up to 25 %, which justifies the use of TSC-OPF over traditional 
OPF. 
The proposed TSC-OPF model allows the analysis of different HVDC link 
recovery patterns after a severe fault regarding generation cost. This approach 
largely simplifies a study that involves generation costs, static and dynamic 
constraints and power control. It is found that a fast reconnection of the HVDC 
link after a fault in the transmission network results in higher costs, while a short 
delay in the reconnection can save up to 9.35 % of the generation cost. 
5.7 Nomenclature 
Name Variable Units 
, t td qE E   Generator internal transient voltage components p.u. 
fdE  Field voltage p.u. 
, t td qI I  Generator output current components p.u. 
GI  Magnitude of the generator output current p.u. 
mnI  Current between buses m and n p.u. 
t
eP  Generator active power output p.u. 
,G GP Q  Generator active and reactive power output p.u. 
,t tHVDC HVDCP Q  HVDC link active and reactive power output p.u. 
V  Bus voltage magnitude p.u. 
t
hV  Voltage at the HVDC connection bus p.u. 
  Bus voltage phase rad. 
t
h  Voltage phase at the HVDC connection bus rad. 
t  Generator angular deviation rad. 
t
COI  Center of inertia angle deviation rad. 
t  Generator speed deviation p.u. 
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  Bus angle between current and voltage rad. 
   
Name Parameter Units 
a Generation price M.U/MW 
D  Damping coefficient p.u. 
H  Inertia constant s 
ar  Armature resistance p.u. 
,D DP Q  Active and reactive power demand p.u. 
0 0, d qT T   Generator transient time constants s 
, d qx x  dq axes synchronous reactance p.u. 
, d qx x   dq axes transient reactance p.u. 
Y  Reduced admittance matrix p.u. 
busY  Bus admittance matrix p.u. 
ijY  Magnitude of the element (i,j) of Y p.u. 
Bus
mnY  Magnitude of the element (m,n) of Y
bus p.u. 
t  Time step s 
ij  Phase of the element (i,j) of Y  rad. 
Bus
mn  Phase of the element (m,n) of Ybus rad. 
0  Frequency reference rad./s 
   
()MAX ()MIN upper and lower limits of the variables. 
Sets: , generators; , HVDC buses; , non-generator buses; , 
buses; , time steps. 
5.8 Appendix 
TABLE 5.4: DYNAMIC PARAMETERS OF THE GENERATORS 
(MAGNITUDES IN P.U. REFERRED TO BASE POWER 100 MVA). 
Generator 
Sb 
[MVA] 
Ra 
[p.u.] 
Xd 
[p.u.] 
X’d 
[p.u.] 
Xq 
[p.u.] 
X’q 
[p.u.] 
H 
[s] 
D 
[p.u.] 
T’d 
[s] 
T’q 
[s] 
G1 660 0.00 0.227 0.046 0.227 0.046 21.12 13.20 39.60 6.60 
G2 520 0.00 0.290 0.058 0.290 0.058 15.51 10.34 31.02 5.17 
G3 560 0.00 0.267 0.054 0.267 0.054 16.38 11.22 33.66 5.61 
G4 300 0.00 0.496 0.099 0.496 0.099 6.050 6.05 18.15 3.03 
G5 385 0.00 0.390 0.078 0.390 0.078 7.700 7.70 23.10 3.85 
110 Advanced Application of Transient Stability Constrained-Optimal 
Power Flow to a Transmission System Including an HVDC-LCC Link 
 
 
TABLE 5.5: ECONOMIC DATA. 
Generator 
a 
[M.U./MW] 
G1 70.00 
G2 80.00 
G3 40.00 
G4 100.00 
G5 120.00 
HVDC 
55.00 (Peak) 
35.00 (Off-Peak) 
All of the parameters in the following tables have a common 100 MVA base and 
corresponding voltage rating. 
TABLE 5.6: PARAMETERS OF THE LINES AND TRANSFORMERS. 
Branch 
R 
[p.u.] 
X 
[p.u.] 
B 
[p.u.] 
1-7 0 0.0117 0 
2-9 0 0.0137 0 
3-11 0 0.0137 0 
4-16 0 0.0255 0 
5-14 0 0.0255 0 
6-7 (1) 0.0022 0.0145 0.0253 
6-7 (2) 0.0022 0.0145 0.0253 
7-8 0.0019 0.0121 0.0211 
7-10 0.0051 0.0330 0.0576 
8-9 0.0042 0.0274 0.0477 
8-10 0.0042 0.0274 0.0477 
10-11 (1) 0.0025 0.0161 0.0281 
10-11 (2) 0.0025 0.0161 0.0281 
10-12 (1) 0.0024 0.0153 0.0267 
10-12 (2) 0.0024 0.0153 0.0267 
13-14 (1) 0.0080 0.0121 0.0450 
13-14 (2) 0.0080 0.0121 0.0450 
15-16 (1) 0.0025 0.0377 0.0141 
15-16 (2) 0.0025 0.0377 0.0141 
17-18 0.0202 0.0421 0.0132 
17-19 0.0826 0.1722 0.0060 
18-19 0.0184 0.0383 0.0120 
19-20 0.0730 0.1521 0.0212 
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6-13 0 0.0267 0 
6-17 0 0.0267 0 
7-18 0 0.0267 0 
8-19 0 0.0267 0 
12-15 0 0.0267 0 
12-20 0 0.0356 0 
TABLE 5.7: RATED LOADS. 
Bus 
P 
[p.u.] 
Q 
[p.u.] 
11 2.50 0.42 
14 2.10 0.35 
16 1.20 0.20 
17 1.50 0.25 
18 1.50 0.25 
19 1.50 0.25 
20 1.75 0.29 
TABLE 5.8: LIMITS OF THE VARIABLES. 
Variable Lower bound Upper bound 
i - COI -60 60 
i -0.10 p.u. 0.10 p.u. 
PG1 0.00 p.u. 6.00 p.u. 
PG2 0.00 p.u. 4.70 p.u. 
PG3 0.00 p.u. 5.10 p.u. 
PG4 0.00 p.u. 2.75 p.u. 
PG5 0.00 p.u. 3.50 p.u. 
PHVDC 0.00 p.u. 3.10 p.u. 
QG1 -3.00 p.u. 3.00 p.u. 
QG2 -2.35 p.u. 2.35 p.u. 
QG3 -2.55 p.u. 2.55 p.u. 
QG4 -1.35 p.u. 1.35 p.u. 
QG5 -1.75 p.u. 1.75 p.u. 
QHVDC -1.55 p.u. 0.00 p.u. 
Ei 0.8 p.u. 1.2 p.u. 
i -9,999 9,999 
Vn 0.95 p.u. 1.05 p.u. 
n -180 180 
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Chapter 6. 
Transient Stability Constrained-
Optimal Power Flow Including 
Multiple Contingencies and Two-
Axes Representation of 
Synchronous Generators 
Abstract— Transient Stability Constrained-Optimal Power Flow (TSC-
OPF) is a nonlinear optimization problem that considers both static and dynamic 
constraints. It is used to perform economic dispatches while ensuring transient 
stability. TSC-OPF models that retain the dynamics of all the generators usually 
apply classic synchronous generator models, due to the high nonlinearity of the 
system dynamics and the large number of constraints. This paper proposes a 
TSC-OPF model that includes a transient synchronous generator dq-axes model, 
making it possible to represent electromagnetic transients in the rotor. The 
proposed optimization model includes also an excitation system and a turbine 
governor, and can perform multi contingency analysis. The model is solved 
using a non-heuristic Interior Point algorithm on GAMS. Results of the 
application to several standard test systems are shown, including the IEEE 118 
Bus test case with 20 generators. 
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6.1 Introduction 
Transient Stability Constrained-Optimal Power Flow (TSC-OPF) is an 
optimization problem that simultaneously includes static and dynamic 
constraints in the formulation. TSC-OPF has received growing interest in the 
last decade as a tool for preventing transient instability, because of its 
combination of economic objectives, steady-state power flow equations and 
dynamic simulations in a single model [1]-[3]. 
To be a useful tool in dynamic security assessment, a TSC-OPF model 
must represent the dynamics of the network with sufficient accuracy, 
comparable to that of the dynamic simulations routinely performed by 
Transmission System Operators. It must also be able to include multiple 
contingencies (MC) in a single model. 
The high nonlinearity of electromechanical oscillations in power systems 
makes TSC-OPF models difficult to solve. Some approaches apply iterative 
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algorithms, running the dynamic simulation of a fault and correcting the 
generation dispatch at each iteration [4]-[6]. These techniques have been applied 
to relatively large power systems, but only in single contingency studies. Other 
approaches make use of Direct Methods to reduce the size and complexity of the 
optimization model [7]-[12]. These works rely on reduced dynamic models such 
as the Single-Machine Equivalent (SIME). They usually apply several iterations 
to refine the heuristic constraints, and are applied to single fault studies with few 
exceptions [13]. Although these methods can be used on power systems of 
virtually any size, they can be reportedly not well suited for multi-swing 
unstable conditions [1] and may be prone to sub-optimal solutions [3]. 
Both MC studies and multi-swing instabilities can be addressed if fault 
and post-fault states of different contingencies are included in the optimization 
model, and the dynamics of all synchronous machines are preserved. As the 
corresponding programming model has a very large dimension and requires 
heavy computation, most of the efforts in this field have been centered on 
reducing the problem scale and improving computation efficiency. In [14], for 
example, a transformation of the original formulation to the Euclidean space is 
applied to analyze the stability of the system without representing the 
trajectories of the variables. This makes it difficult to evaluate the behavior of 
the variables after the fault. Similar approaches are followed in [15] and [16], 
where Lyapunov functions are used. 
The application of the trapezoidal rule to the differential equations, and the 
inclusion of the resulting equations in the optimization model, makes it possible 
to represent the trajectories of the variables. To solve the resulting large, 
nonlinear problem, the equations are successively linearized in [17]. In [18] and 
[19] a specially tailored Interior Point algorithm is applied. In [18], the steady-
state and the dynamic constraints are separated and the resulting problem is 
solved using an iterative procedure. Authors of [19] incorporate MC into the 
analysis. In [20], the steady-state and the dynamic constraints are included in a 
single nonlinear model that is applied to small isolated systems and then solved 
using a conventional solver. All these studies use the classical dynamic model of 
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the synchronous generators, consisting of a voltage source of fixed magnitude 
behind an impedance, and are applied to small systems containing no more than 
10 generators. 
This work proposes a new TSC-OPF model that includes a transient dq-
axes dynamic model of the synchronous generator. Compared to the classical 
model, the transient model makes it possible to represent the electromagnetic 
transients in the rotor, and represents a major improvement in dynamic model 
accuracy. The proposed model is solved using an Interior Point algorithm on 
GAMS (General Algebraic Modeling System), which is a high-level, well-
trusted modelling system. The solver takes into account all equations and 
stability constraints, making it possible the inclusion of MC. 
The proposed TSC-OPF model also includes a turbine governor and an 
excitation system. Together, the features included in the model represent a 
significant advance in the application of TSC-OPF studies to real power 
systems. Results are shown on a number of systems, including the IEEE 118 
Bus Test System with 20 generators. 
6.2 Power system representation in the optimization model 
Transient stability analysis involves three periods: a) pre-fault; b) fault; 
and c) post-fault. These periods are explicitly included in the TSC-OPF model 
as equality and inequality constraints. The pre-fault stage, as in any conventional 
Optimal Power Flow (OPF), is represented by equality constraints that represent 
power flow equations [21] and inequality constraints that represent limits on 
production of power plants, voltage at buses and current through lines and 
transformers [22]. During the fault and post-fault periods, loads are represented 
as constant admittances and Kron reduction is applied to the admittance matrix, 
retaining only the internal nodes of the generators. This is a typical approach in 
TSC-OPF and reduces the computational effort considerably [19]. 
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6.2.1 Transient power plant model 
The transient model consists of a voltage source di qiE jE   behind an 
impedance ai dir jx . Although the model is well known [23], [24], the equations 
are included here for future references within the paper: 
    0/ /di di qi qi qi q idE dt E x x I T        (6.1) 
    0/ /qi qi di di di fdi d idE dt E x x I E T         (6.2) 
  / / 2i mi ei i i id dt P P D H       (6.3) 
 0/i id dt     (6.4) 
 ei di di qi qiP E I E I    (6.5) 
where sub-index i refers to the ith generator. Variables in (6.1), (6.2) and (6.5) 
are referred to a dq reference frame fixed to the rotor, while grid variables are 
usually referred to a common synchronous rotating αβ reference frame. Fig. 6.1 
shows both reference frames, together with internal voltage iE  and output 
current Ii. A rotation is needed to change from one reference frame to the other: 
 
sin cos
sin cos
i di i qi i
i qi i di i
E E E
E E E


 
 
    

    
 (6.6) 
and similarly, 
 
sin cos
sin cos
di i i i i
qi i i i i
I I I
I I I
 
 
 
 
  

  
 (6.7) 
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Fig. 6.1. Internal voltage, output current and reference frames for the ith generator. 
These rotations must be performed for every machine at every integration 
step because dq components are needed to solve machine models and αβ 
components are needed to solve grid equations. To avoid a large number of 
additional equality constraints in the optimization model, the formulation is 
modified to express all equations in terms of dq components [24]. The equation 
that relates internal voltages and output currents of all generators in the grid is: 
  i i ij i i
j
I jI E jE   

   Y  (6.8) 
where Yij is the (i, j) element of the reduced admittance matrix Y. If the 
admittance is expressed as Yij = Yij (cosij + j sinij), then substituting (6.6) into 
(6.8), separating the real and imaginary parts and reordering the equations, 
yields: 
 
   
   
sin cos
sin cos
i ij dj j ij qj j ij
j
i ij qj j ij dj j ij
j
I Y E E
I Y E E


   
   


      

       


 (6.9) 
Replacing (6.9) in (6.7) and reordering: 
 
   
   
cos sin
cos sin
di ij dj i j ij qj i j ij
j
qi ij qj i j ij dj i j ij
j
I Y E E
I Y E E
     
     


        

         


 (6.10) 
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The equations in (6.10) calculate the dq components of the output current 
of the generators as a function of the dq components of the internal voltages. As 
a result, the TSC-OPF model is simplified because no αβ components appear, 
which allows the removal of all αβ-dq rotations and reduces the number of 
equality constraints in the optimization model. 
In order to complete the model of the power plant, a voltage regulator and 
a turbine governor are included according to the following equations: 
  
1fdi
fdi EXCi refi termi
EXCi
dE
E K V V
dt T
       (6.11) 
  
1i
TGi i i
TGi
d P
K P
dt T


     (6.12) 
6.2.2 Transient stability constraint 
Previous works on TSC-OPF implement the transient stability constraint 
as a limit on the angular deviations of the machine rotors. This constraint can be 
applied to small power systems, but it is not well suited for large ones because 
relatively large angular deviations may exist between parts of the system as a 
result of the pre-fault power flows, and not as a result of any instability. To 
solve this problem, the transient stability constraint is defined as a limit on the 
rotor speed deviation of every generator with respect to a common center of 
inertia (COI) speed deviation:  
 MAX t t MAXi COI          (6.13) 
where the center of inertia speed deviation is calculated at each time step t as: 
 
t t
COI i i i
i i
H H 
 
     (6.14) 
This ensures that the stability constraint is violated only if one or more 
machines lose synchronism with respect to the rest of the system. During the 
performed tests, a maximum deviation of approximately 0.01-0.05 p.u. has been 
found to be a good value to discriminate between stable and unstable cases. 
122 Transient Stability Constrained Optimal Power Flow Including Multiple 
Contingencies and Two-Axes Representation of Synchronous Generators 
 
 
6.3 Mathematical formulation 
The proposed model is programmed on GAMS and solved using IPOPT 
[25], [26]. IPOPT is an open source software package for large-scale nonlinear 
optimization that implements an interior point line search filter method. This 
section provides the complete set of equations that constitute the model, in order 
to facilitate the replication of the results. The optimization model is: 
  
2min.      ( )Gi i Gi i Gi i
i
f P a P b P c

  
 
(6.15) 
subject to: 
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 
 cos 0
 sin 0
Bus Bus
Gi Di i n in i n in
n
Bus Bus
Gi Di i n in i n in
n
P P V V Y
Q Q V V Y
  
  


    


     



 
(6.16) 
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 
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(6.17) 
    
2 22 2 cos cos sin sin 0Busmn mn m m n n m m n nI Y V V V V           
(6.18) 
  
2 2 2 0Gi i Gi GiI V P Q    (6.19) 
 sin / 0i Gi i GiQ V I    (6.20) 
 
   
   
0 0
0 0 0
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
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 (6.21) 
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 (6.22) 
6.3 Mathematical formulation 123 
 
 
 
 
 
 
0 0
0 0
sin 0
cos 0
di Gi i i i
qi Gi i i i
I I
I I
  
  
    

    
 (6.23) 
 
 0 0
0
0
0
0
0
0
0
EXCi refi termi fdi
i
ei Gi
i
K V V E
P
P P

  

 

  
  
 (6.24) 
 
  
1
0 0
1
0
1 1
1 1
2 2
1
              0
2
t t
di di
q i q i
t t
qi qi qi qi
q i
t t
E E
T T
t
x x I I
T


    
              

  

 
(6.25) 
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(6.32) 
    
2 22  0t ttermi di di qi qi di di
t t tEIE x IV x         (6.33) 
 0
t t
COI i i i
i i
H H 
 
      (6.34) 
 MAX t t MAXi COI          (6.35) 
 0 ;0MAX MAXGi Gi GiP P I I     (6.36) 
 ; ;MIN MAX MAX MAX MIN t MAXm mn mn mn fd fdi fdV V V I I I E E E        (6.37) 
       , ; ; , ;i j l m n t        . 
The objective function (6.15) is the cost of the energy calculated as a 
quadratic function, although other conventional cost functions can be used (to 
minimize deviation with respect to a schedule, minimize power losses, etc.). 
Equations (6.16)-(6.24) correspond to the pre-fault stage. Equality 
constraints (6.16) and (6.17) represent the balance between input and output 
power in the generation and non-generation buses. Equation (6.18) calculates 
the current through the branches (lines and transformers). Equations (6.19)-
(6.20) calculate the output current and power factor of the generators. Equations 
(6.21)-(6.24) calculate the initial conditions of the variables and the control 
outputs. 
Equations (6.25)-(6.30) derive from the application of the trapezoidal rule 
to differential equations (6.1)-(6.4), (6.11) and (6.12). Equation (6.31) calculates 
the active power output of the generators at each time step. In (6.32), the current 
in the generators is calculated as a function of the reduced admittance matrix Y 
according to (6.10). Equation (6.33) calculates terminal voltage Vterm that is an 
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input to the excitation system model. Equation (6.34) calculates the COI speed 
deviation, and (6.35) is the transient stability constraint, as explained in 
Section 6.2. 
Equations (6.36) represent the capability limits of the generators. 
Equations (6.37) apply limits to bus voltages, branch currents and machine field 
voltages, respectively. The rest of the variables are also maintained within 
specified large limits, as is typical in constrained optimization. 
MC analysis is provided replicating variables  , , , , ,di qi di qi iE E I I  
, , , ,i COI i ei fdiP P E     and (6.25)-(6.35) for each contingency, in the same 
optimization model. The solution of the TSC-OPF model applied to a MC study 
ensures that the system will remain in synchronism if any of the considered 
faults occurs. 
6.4 Test cases 
Section 6.5 shows the application of the proposed TSC-OPF model to two 
cases. The first case is the power system shown in Fig. 6.2 with 6 buses and 3 
generators, which is described in [24]. A fault is applied at line 4-5, close to 
bus 4, and cleared after 300 ms by the removal of the affected line. The aim of 
this case is to show an example of the TSC-OPF where the small size of the 
system allows a clear view of the dynamics as calculated by the solver. The 
dynamic parameters of the power plants are shown in the Appendix. 
 
Fig. 6.2. 6 Bus Test System [24]. 
G1 G2
G3
41 5 2
6
3
Fault
126 Transient Stability Constrained Optimal Power Flow Including Multiple 
Contingencies and Two-Axes Representation of Synchronous Generators 
 
 
The second case is a version of the IEEE 118 Bus Test System containing 
20 generators, as shown in Fig. 6.3. The size of this system is significantly 
larger than those of previously published TSC-OPF studies that retain the 
dynamics of all synchronous machines. The aim of this case is to show the 
application of the proposed model to a more realistic system and to evaluate the 
performance of the model depending on the size of the grid. Two different 3-
phase short-circuits are analyzed: one at bus 19, cleared by the disconnection of 
line 19-34 after 300 ms, and another one at bus 49, cleared by the disconnection 
of line 49-54 after 300 ms. Buses 19 and 49 are selected for the following 
reasons: Firstly, they are connected to generators that operate at full load in the 
steady-state solution provided by the OPF and are therefore more prone to lose 
synchronism; and secondly, they are central buses with a relatively large number 
of incoming lines. IEEE 118 Bus System data can be found in [27]. 
 
Fig. 6.3. IEEE 118 test power system. 
The extension and complexity of the model formulated in Section 6.3 
makes impractical its application to large systems and the systematic analysis of 
a set of faults. To overcome this problem, a program has been developed in the 
Python programming language that automatically builds the TSC-OPF model. 
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The program reads the power system data in standard PSS/E (Power System 
Simulator for Engineering) raw format and produces a file with the TSC-OPF 
model that can be fed into GAMS to be solved. Fig. 6.4 shows the relations 
between the input data and the different equations of the optimization model. 
 
Fig. 6.4. Automatic building of the TSC-OPF model. 
6.5 Results 
6.5.1 Application to the 6 Bus System 
The application of a conventional OPF to the 6 Bus system results in the 
dispatch shown in the first row of Table 6.1. However, when the specified fault 
is applied to this solution, generator 1 loses synchronism and the case is 
unstable. 
TABLE 6.1: DISPATCH RESULTS FOR 6 BUS CASE; COST IN MONETARY UNITS (M.U.). 
 
P1 
[MW] 
P2 
[MW] 
P3 
[MW] 
Cost 
[M.U.] 
OPF 187.3 84.5 32.0 9260.4 
TSC-OPF 158.0 81.3 63.6 9410.5 
When the proposed TSC-OPF model is applied and the speed deviation of 
every generator is constrained to a band of 0.01 p.u. above or below the speed of 
the COI, the dispatch is modified to the values shown in the second row of 
Table 6.1. The analyzed time is 3 seconds and the time step is 0.02 s, which 
results in 150 time steps. Fig. 6.5 shows the evolution of some variables in the 
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TSC-OPF solution. It can be seen in Fig. 6.5 a) that the optimal solution is now 
stable because all the speeds remain within the limits. Fig. 6.5 b) shows the 
direct and quadrature components of the internal voltage, which are the state 
variables introduced by the transient synchronous generator model. Fig. 6.5 c) 
shows the variation in mechanical power provided by the turbine governors, as 
they respond to an increase in the system frequency as a result of the fault. 
Fig. 6.5 d) shows the variation in the field voltage provided by the excitation 
systems; it can be seen that the excitation systems increase the field voltage 
during the first 300 ms, responding to the voltage dip produced by the fault. 
 
 
 
 
Fig. 6.5. Application of the TSC-OPF to the 6 Buses System. 
6.5.2 Application to the IEEE 118 Bus system 
The proposed TSC-OPF model is applied to the IEEE 118 Bus System and 
the two faults described in Section 6.4, with the speeds of the generators 
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constrained within a band of 0.02 p.u. above and below the speed of the COI. 
The results are shown for 1) conventional OPF, 2) fault at bus 19, 3) fault at 
bus 49 and 4) MC analysis with both faults. 
 
 
Fig. 6.6. Speed deviations and electrical power output. 
Fig. 6.6 shows the speed deviations and active power productions 
provided by the optimal solution of the TSC-OPF when both faults are included 
in the MC model. The solution ensures that the system will remain stable if 
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either fault occurs. It can be seen that after any of the faults, the speed deviation 
is maintained inside the specified limits. The generator closest to the fault is the 
most affected by the fault in terms of speed deviation and active power 
oscillations. The effect on the dispatch can be observed in Fig. 6.3, in which the 
colors of the generators represent the variation in the dispatch provided by the 
TSC-OPF with respect to the dispatch of the OPF. 
Fig. 6.7 shows the production of the different generators according to the 
optimal solutions of the OPF and TSC-OPF. It can be seen that the main effect 
of the TSC-OPF is the reduction of the production of the generators connected at 
the faulted buses. As these generators cannot maintain stability after the fault 
when operating at full load, the solution of the TSC-OPF reduces their 
production to comply with the stability constraints. When faults at buses 19 and 
49 are studied separately, the optimal solution of the TSC-OPF results in a cost 
increase of 450.0 M.U. (Monetary Units) and 773.8 M.U. with respect to a 
conventional OPF. When both faults are simultaneously included in the MC 
model, the solution of the TSC-OPF results in a cost increase of 1294.7 M.U. 
 
Fig. 6.7. Effect of the TSC-OPF on the dispatch of the IEEE 118 Bus System 
when both faults are included in the model. 
6.5.3 Effect of the speed of the protections on the IEEE 118 system 
An interesting application of the proposed model is as a tool to assess the 
selection of short-circuit protection devices. Faster protection can improve 
transient stability, but it is difficult to evaluate the economic impact of the 
investment that they require without using TSC-OPF. A systematic study of the 
effect of the protection speed has been performed, solving the TSC-OPF model 
with different fault clearing times from 200 ms to 300 ms. 
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The results are shown in Fig. 6.8. It can be seen that a reduction of the 
operating cost due to the transient constraints from 1294 to 536 M.U. (59 %) can 
be achieved if the fault clearing time is reduced from 300 ms to 220 ms at both 
faults. It also can be seen that the savings obtained by the reduction of the fault 
clearing time at bus 49 is 54 % larger than the savings obtained by the reduction 
at bus 19. 
 
Fig. 6.8. Effect of the fault clearing time. 
6.6 Performance of the solution of the TSC-OPF 
The TSC-OPF model has been applied to other standard power systems in 
order to evaluate the computational cost of the solution. In addition to the 6 Bus 
and IEEE 118 Bus previously described, IEEE 30 Bus, IEEE 57 Bus and New 
England 39 Bus test cases were studied. Information about these systems can be 
found in [28] and [29]. 
The CPU time in the tables corresponds to the solution using GAMS and 
solver IPOPT on a computer with a single 2.5 GHz processor with a Linux 
operating system. The performance of the algorithm, when applied to one and 
two faults, is shown in Table 6.2 and Table 6.3, respectively. In all cases, no 
convergence problems are observed. To the knowledge of the authors, there are 
no similar reports of other TSC-OPF solutions to perform a consistent 
comparison. 
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It can be seen that the main factor affecting CPU time is the number of 
generators. The New England power system, for example, has more generators 
but fewer buses than the IEEE 57 Bus system, and the resulting CPU time is 
longer. The reason is that the size of the reduced admittance matrix Y is 
proportional to the square of the number of generators, and the number of 
dynamic constraints is proportional to the number of generators multiplied by 
the number of faults. 
TABLE 6.2: SOLUTION OF THE TSC-OPF INCLUDING ONE FAULT. 
 6 Bus IEEE 30 IEEE 57 New Eng IEEE 118 
Size (/ ) 6/3 30/6 57/7 39/10 118/20 
N. variables 3127 4970 5829 8208 20436 
N. constraints 3740 5955 6978 9849 24517 
CPU time (s) 5 3 9 58 361 
TABLE 6.3: SOLUTION OF THE TSC-OPF INCLUDING TWO FAULTS. 
 6 Bus IEEE 30 IEEE 57 New Eng IEEE 118 
Size (/ ) 6/3 30/6 57/7 39/10 118/20 
N. variables 6227 9850 11509 16288 40536 
N. constraints 7449 11813 13799 19559 48677 
CPU time (s) 21 10 34 133 530 
6.7 Conclusions 
A new formulation of a TSC-OPF model is proposed, including a two axes 
representation of the synchronous machine, an excitation system and a turbine 
governor. This is a major improvement with respect to the representation of 
synchronous generators by classical models, i.e., constant voltage sources 
behind impedances. 
The proposed model, which is suitable for MC studies, is applied to 
several test cases and solved using GAMS and an interior-point solver. The size 
of IEEE 118 Bus System is significantly larger than those of most TSC-OPF 
studies retaining the dynamics of all synchronous generators. No convergence 
problems have been observed during the solution of the proposed model. A 
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practical application of the proposed model is given through the study of the 
economic impact of faster protection on the power dispatch. Given the nonlinear 
nature of the model it is not possible to guarantee that an obtained solution does 
not correspond to a local optimum of the problem. However, the consistency of 
the solutions over a wide range of cases suggests that global optima are 
obtained. 
Although extensive work remains to be done in terms of system modelling 
in TSC-OPF (load modeling, non-conventional generation, magnetic saturation, 
etc.), it is expected that the proposed advances in model detail may help to 
increase the confidence of System Operators in TSC-OPF studies. 
6.8 Nomenclature 
Name Variable Units 
, t td qE E   Generator internal transient voltage components p.u. 
t
fdE  Field voltage p.u. 
, t td qI I  Generator output current components p.u. 
GI  Magnitude of generator output current p.u. 
mnI  Current between buses m and n p.u. 
t
eP  Generator active power output  p.u. 
,G GP Q  Generator active and reactive power output p.u. 
V  Bus voltage magnitude p.u. 
t
termV  Voltage at the generator connection bus p.u. 
  Bus voltage phase rad. 
t  Generator angular deviation rad. 
tP  Turbine governor output p.u. 
t
COI  Center of inertia speed deviation p.u. 
t  Generator speed deviation p.u. 
  Bus angle between current and voltage rad. 
   
Name Parameter Units 
D  Damping coefficient p.u. 
H  Inertia constant s 
EXCK  Excitation system gain p.u. 
TGK  Turbine governor gain p.u. 
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ar  Armature resistance p.u. 
,D DP Q  Active and reactive power demand p.u. 
0 0, d qT T   Generator transient time constants s 
EXCT  Excitation system time constant s 
TGT  Turbine governor time constant s 
refV  Excitation system voltage reference p.u. 
, d qx x  dq-axes synchronous reactances p.u. 
Y  Reduced admittance matrix p.u. 
busY  Bus admittance matrix p.u. 
ijY  Magnitude of the element (i,j) of Y p.u. 
Bus
mnY  Magnitude of the element (m,n) of Y
bus p.u. 
t  Time step s 
ij  Phase of the element (i,j) of Y rad. 
Bus
mn  Phase of the element (m,n) of Y
bus rad. 
0  Frequency reference rad./s 
   
()MAX ()MIN upper and lower limits of the variables. 
Sets: , generators; , non-generator buses; , buses; , time steps. 
6.9 Appendix 
TABLE 6.4: DYNAMIC PARAMETERS OF GENERATORS AND CONTROLLERS. 
H D ra xd x’d xq x’q T’d0 T’q0 KEXC TEXC KTG TTG 
3 2 0 1.5 0.3 1.5 0.3 6 0.5 100 1.0 50 1.0 
Data in p.u. referred to the generator nominal power. 
TABLE 6.5: IEEE 118 BUS SYSTEM GENERATOR COST DATA. 
Gen. 
Max P 
[MW] 
a b c Gen. 
Max P 
[MW] 
a b c 
10 300 7 13 11 66 420 64 83 11 
12 300 7 13 11 69 300 7 13 11 
19 300 33 11 5 76 100 10 18 13 
25 300 7 13 11 80 300 7 13 11 
26 350 33 11 3 87 300 33 11 3 
32 100 10 18 13 89 200 7 13 11 
49 300 28 10 6 92 300 7 13 11 
54 250 28 12 3 100 300 7 13 11 
61 200 39 13 4 111 100 10 18 13 
65 420 64 83 11 113 100 10 18 13 
Where a is in M.U.; b in M.U./MW; c in 10-3M.U./MW². 
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Chapter 7. 
Conclusions 
In this chapter, the final conclusions and contributions obtained from the 
development of this work are presented. The list of publications derived from 
this research is included. Possible future works to enhance and to improve the 
topic of study are also presented here. 
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7.1 General conclusions 
The OPF has been, and remains, an appropriate tool to define control 
corrective actions and optimal operational points, necessary to ensure an 
adequate level of safety in the operation of the power system. Furthermore, the 
demanding operating conditions of current electric power systems reveal a 
growing necessity of having OPF models that incorporate security constraints, 
with accuracy comparable to that of the simulations performed routinely by the 
system operators. The TSC-OPF seems to be the right tool to address this 
problem because it includes, in the same optimization problem, economic and 
security objectives and both static and dynamic technical constraints. The TSC-
OPF also makes possible a more rational and smart utilization of the equipment, 
integrating different functionalities of the system towards the same objective: a 
more secure and economic operation of the system. 
The TSC-OPF has had a great development in recent years, with different 
approaches to represent and to solve the transient stability problem. Most of 
these studies use simple models to represent the electrical system components 
(e.g., the classic model to represent the dynamics of the generators), and they do 
not include dynamic models of other devices (HVDC, FACTS, wind farms, etc.) 
to analyze their effects on the transient stability of the power system. Until now, 
efforts have been focused on reducing the computational burden of the problem, 
losing sight of the need for more realistic models, necessary to make the TSC-
OPF a useful tool in dynamic security assessment. 
Some final conclusions from the work developed in this thesis are: 
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 After application of the proposed TSC-OPF to the study systems, it 
has been observed that the computational burden of the algorithm 
does not pose a significant problem in the test systems used. Each 
case is solved in a few minutes using a medium-cost laptop. No 
convergence problems have been observed in the solution of the 
proposed model. 
Given the nonlinear nature of the model, it is not possible to guarantee 
that the obtained solutions do not correspond to a local optimum of 
the problem. However, the consistency of the solutions over a wide 
range of cases suggests that global optima are obtained. The proposed 
models are applied to several test cases and are solved with 
conventional tools, such as MATLAB and GAMS. 
 In the case of optimal re-dispatch, results show that the proposed 
optimisation problem adequately calculates the optimal dispatch of 
the system for different load levels, in an efficient way. The 
innovative application of the proposed algorithm to several operation 
points and fault clearance times serves as an assessment tool for the 
transmission system operator, to estimate the cost of assuring the 
transient stability of the system. 
 A novel study of the maximum loadability of a system with both 
steady-state and transient stability constraints, is performed. The 
model is applied to a variety of cases with a large number of 
restrictions (maximum and minimum capability of generators, 
maximum current through the lines, voltage limits and transient 
stability constraints, among others) whose impose different limits to 
the solution for each study case. 
The effect of the transient stability constraints on the maximum 
loadability is quantified by comparing the results with those 
calculated with a classical optimization problem, with only steady-
state constraints. The results show that in many cases the transient 
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stability constraints significantly reduce the loadability margins. 
Moreover, the maximum loadability of a system is a function of the 
specified stability limit. 
In the study, the effect of the rotor angle deviation limit on the 
maximum loadability is evaluated by performing the analyses over a 
wide range of angle limits. This study provides a useful resource to 
assist in the selection of the maximum angle limit for the operation. 
 The inclusion of the model of a HVDC-LCC link in the formulation, 
with a control of power injection, makes possible the study of the 
economic impact of different dynamic behaviours of the link, facing 
the most demanding contingency. 
The HVDC interconnection shows a clear beneficial economic impact 
on the system, reducing the energy price with and without dynamic 
considerations. For the off-peak load case, to ensure the transient 
stability of the system results in an overprice of 25 %, for a delay of 
0 ms and a power injection in form of step, when compared with the 
result of a conventional OPF. With a delay of 200 ms and increasing 
power injection in ramp (1.0 s), a reduction of 11.5 % is obtained. 
Therefore, optimizing the dynamic features of the equipments has a 
significant impact in real operation price, also justifying TSC-OPF 
studies. 
 The inclusion of a transient dq-axes synchronous generator dynamic 
model, an excitation system and a turbine governor in a TSC-OPF 
model, retaining the dynamics trajectories of all generators, is a major 
improvement with respect to the representation of synchronous 
generators made hitherto, because makes it possible to represent the 
electromagnetic transients in the rotor and represents a major 
improvement in dynamic model accuracy. Also, the novel application 
of the dq-axes dynamic model in TSC-OPF studies opens the door to 
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more detailed representations of control loops in generators for further 
researches. 
 An interesting and practical application of the proposed model is as a 
tool for the study of the economic impact of faster protections on the 
power dispatch. 
The results of the TSC-OPF show that the reduction of the clearance 
time in some protections from 300 to 250 ms reduces the generation 
cost in the Balearic power system (at off-peak load) by 8.84 %. When 
the study is applied to the IEEE 118 bus system, a reduction of 59 % 
in the operating cost due to the transient constraints can be achieved if 
the fault clearing time is reduced from 300 to 220 ms. Multiple 
contingencies have been included in this study. 
7.2 Contributions 
The main contributions of this thesis are summarized below: 
1. New formulations of TSC-OPF, including steady-state and transient 
stability constraints, are developed. In the proposed models, the 
dynamic representation of the time-domain simulations for all the 
generators is discretized by the trapezoidal rule, and included into the 
OPF, which is solved as a whole. 
2. The TSC-OPF is used to obtain the maximum loadability of a system, 
taking into account both steady-state and transient stability 
constraints. To the author's knowledge, this is the first application of 
TSC-OPF with this aiming. 
3. The TSC-OPF is used to study the economic impact of faster 
protection on the power dispatch. This is a novelty on the field. 
4. A two axes representation of the synchronous machine, an excitation 
system and a turbine governor are included in the TSC-OPF. This 
makes it possible to represent the electromagnetic transient in the 
rotor, which affect transient stability. 
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5. A mathematical simplification is developed, to avoid the numerous 
αβ-dq rotations when two axes models are used. This simplification 
reduces the number of equality constraints in the TSC-OPF model, 
without decreasing the accuracy of the models. 
6. A representation of a real HVDC-LCC link is included in the 
formulation of the TSC-OPF. The HVDC-LCC model includes a 
power injection control, with different reconnection delays and 
recovery ramps. 
7. The research results in four papers, submitted to relevant indexed 
journals in the area. Two of them are still in revision steps. 
7.3 Publications 
As a result of this research work, were obtained results that have been 
reported in various forums. The developed publications are listed below. 
Indexed journals: 
 I. A. Calle, E. D. Castronuovo and P. Ledesma, “Optimal re-dispatch 
of an isolated system considering transient stability constraints”, 
International Journal of Electrical Power & Energy Systems, vol. 44, 
no. 1, pp. 728–735, Jan. 2013. 
 I. A. Calle, E. D. Castronuovo and P. Ledesma, “Maximum 
loadability of an isolated system considering steady-state and dynamic 
constraints”, International Journal of Electrical Power & Energy 
Systems, vol. 53, pp. 774–781, Dec. 2013. 
 I. A. Calle, P. Ledesma and E. D. Castronuovo, “Application of 
Transient Stability Constrained-Optimal Power Flow to a 
Transmission System Including a HVDC-LCC Link”, submitted. 
 P. Ledesma, I. A. Calle and E. D. Castronuovo, “Transient Stability 
Constrained Optimal Power Flow Including Multiple Contingencies 
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and Two-Axes Representation of Synchronous Generators”, 
submitted. 
National conferences: 
 I. A. Calle and E. D. Castronuovo, ‘Optimal Power Flow with 
Transient Stability Constraints’, in MIXGENERA 2011 Options for 
the future, University Carlos III de Madrid, Leganés, Madrid, Spain., 
2011. ISBN: 978-84-614-9978-6. Available: http://electrica.uc3m.es/ 
geste/Anteriores/MixGenera2011es.html 
7.4 Future works 
For possible future researches, it is suggested: 
1. To apply efficient techniques, such as parallel computation, to reduce 
the computational burden of the proposed TSC-OPF problem. 
2. To explore the effect of alternative objective functions in the 
optimization problem. 
3. To perform analysis of real cases, in collaboration with the System 
Operators. 
4. To analyze the implementation of other implicit integration methods. 
5. To apply TSC-OPF to microgrids in island mode operation. 
